210 4 APPLICATIONS OF THE DERIVATIVE

Curve Sketching

_ Concept Questions l page 298

1.

2.

3.

4,

a. See the definition on page 293 of the text. b. See the definition on page 295 of the text.
a, There is no restriction to the number of vertical b. The graph of a function can have at most two
asymptotes the graph of a function can have. horizontal asymptotes.
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See the procedure given on page 292 of the text.

See the procedure given on page 295 of the text.

Exercises | page 298

1. y = 0 is a horizontal asymptote.
2, y = 0 is a horizontal asymptote and x = —1 is a vertical asymptote.
3. y = 0is a horizontal asymptote and x = 0 is a vertical asymptote.
4. y = 0 is a horizontal asymptote.
5. y = 0 is a horizontal asymptote and x = —1 and x = 1 are vertical asymptotes.
6. y = 0 is a horizontal asymptote.
7. y = 3 is a horizontal asymptote and x = 0 is a vertical asymptote.
8. y = 0 is a horizontal asymptote and x = —2 is a vertical asymptote.
9. y = l and y = —1 are horizontal asymptotes.
10. y = 1is a horizontal asymptote and x = %1 are vertical asymptotes.

11.

12.

1 . . . . L
l_i)m ~ =0, and so y = 0 is a horizontal asymptote. Next, since the numerator of the rational expression is not
X—00 X

equal to zero and the denominator is zero at x = 0, we see that x = 0 is a vertical asymptote.

. 1 . . . Lo
l_gm i 0, and so y = 0 is a horizontal asymptote, Next, observe that the numerator of the rational function is
xX—00 X

not equal to zero but the denominator is equal to zero at x = —2, and so x = —2 is a vertical asymptote.




13.

14.

15.

16.

17.

18.

19,

20.

21.

22,

23,
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2 . . 2 . . .
fx)= — 2% xlgrgo fx)= YIi)ngo (—;5) = 0. Thus, y = 0 is a horizontal asymptote. Next, the denominator

of f (x) is equal to zero at x = 0. Because the numerator of f (x) is not equal to zero at x = 0, we see that x = 0 is
a vertical asymptote.

1
lim ——— = 0 and so y = 0 is a horizontal asymptote, Next, observe that the denominator 1 + 2x% £ 0, and so
x—oo0 1 4 2x2

there is no vertical asymptote.

2
,ox=2 . 1== . . . .

lim = lim % =1, and so y = 1 is a horizontal asymptote. Next, the denominator is equal to zero at
x—200 x 42 ¥—=00 1 4 %
x = —2 and the numerator is not equal to zero at this number, so x = —2 is a vertical asymptote.

141 1+1 1 1, : :
lim LI lim —% = —, and so y = - is a horizontal asymptote. Next, observe that the denominator of the
100 2f — 1 I—>c>02_..}_ 2 2 v

rational expression is zero at 1 = %, but the numerator is not equal to zero at this number, andso 7 = % is a vertical

asymptote.

h(x) =x3 —3x% 4+ x + 1. h (x) is a polynomial function, and therefore it does not have any horizontal or vertical

asymptotes.

The function g is a polynomial, and so the graph of g has no horizontal or vertical asymptotes.

2
t 1 . . .

lim — = lim = 1, and so y = 1 is a horizontal asymptote. Next, observe that the denominator of
(oo tt — 16 l—>ool_ll2§
the rational expression 12 — 16 = (¢t + 4) (t — 4) = 0ift = —4 or { = 4. But the numerator is not equal to zero at
these numbers, so f = —4 and ¢ = 4 are vertical asymptotes.

x3 x3

lim — = lim 7 = 00, and similarly lim — = —oo. Therefore, there is no horizontal asymptote.

x-00 x4 — 4 x—)oo]__7 X300 x4 — 4
X

Next, note that the denominator of g (x) equals zero at x = =2, Because the numerator of g (x) is not equal to zero
atx = £2, we see that x = —2 and x = 2 are vertical asymptotes.

. 3x . % . .

lim ———— = lim —F——F =0 and so y = 0 is a horizontal asymptote. Next, observe that the
x—o0xi—x—6 x—)ool_%_._%

B X

denominator x2 —x — 6 = (x —3) (x +2) = 0if x = —2 or x = 3. But the numerator 3x is not equal to zero at
these numbers, so x = —2 and x = 3 are vertical asymptotes.

. 2x . 2 . .

lim ————— = lim = 0, and so y = 0 is a horizontal asymptote. Next, observe that the
x—0ox24+x —2 x-aoo1+%_%

X

denominator x2 +x —2 = (x +2) (x — 1) = 0, if x = —2 or x = 1. The numerator is not equal to zero at these
numbers, and so x = —2 and x = 1 are vertical asymptotes.

{—o00

5 .
lim [2 + (—-—?il = 2, and so y = 2 is a horizontal asymptote. Next observe that
t —

lim g(f) = lim |2 = 00, and so 7 = 2 is a vertical asymptote.
r——>2+g() t—)Z_I: +(t—2)2:| ymp




212

24,

25.

26.

27

28. li

29.

30.

31.
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2
lim (1 + )
X—00 x-—3

2 x—=34+2 x-1

= 1 = =
S &) + x =3 x—3 x—=3
However, since the numerator of f (x) is not equal to zero at x = 3, we see that x = 3 is a vertical asymptote.

2
land lim (1 + —) = 1, so y = 1 is a horizontal asymptote. Next, we write
X——00 x—-3

, and observe that the denominator of f (x) is equal to zero at x = 3.

2_9 1-— 2

= lgn n "42 =1, and so y = 1 is a horizontal asymptote. Next, observe that the denominator
X oo —_——
x2

lim 3
X300 X4 =

x2 —4 = (x +2) (x —2) = 0if x = —2 or 2. Because the numerator x> — 2 is not equal to zero at these numbers,
the lines x = —2 and x = 2 are vertical asymptotes.

1
lim = lim £ —=—lLandsoy=1lisa horizontal asymptote. Next, observe that the denominator
X

¥24+x=x(x+1)=0ifx = 0orx = —1. Because the numerator 2 — x2 isnot equal to zero at these values of x,
we see that x = 0 and x = —1 are vertical asymptotes.

x3—x x2 -1 x—1
———. Rewrite g (x) as for x # 0, and note that lim g(x) = lim *
x(x+1 x+41 x> —00 x> —

gm g (x) = oo. Therefore, there is no horizontal asymptote. Next, note that the denominator of g (x) is equal to
X 00

gx) =

zero at x = 0 and x = —1, However, since the numerator of g (x) is also equal to zero when x = 0, we see that
x = 0 is not a vertical asymptote. Also, the numerator of g (x) is equal to zero when x = —1,s0x = —l isnota

vertical asymptote.

4_ .2 1—4
im _rr im |x-— 2 | = 00, so there is no horizontal asymptote. Next, observe
x=oox (x —Dx+2) xo (1_1)(1+2)
X X
that the denominator is zero at x = 0, x = 1, and x = —2. Of these values, only x = —2 is a vertical asymptote

because the numerator is not also equal to zero at this value.
£ is the derivative function of the function g. Observe that at a relative maximum or minimum of g, f (x) = 0.

£ is the derivative function of the function g. Observe that at a relative maximum or minimum of g, f (x) = 0.

v Terminal velocity 32. a. P
i R
______ 3

I

!

I

10 |

0 T
r 0 T ’

b. f is increasing on (0, 00). ¢. Yes, P = 200,

d. Concave upward on (0, 7) and concave downward on (7', o).

e. Yes, at Pp. P (t) is increasing fastestatr = 7.




33.

35.

37.

38.
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y 34. )v
101
54 ]
t 24
4 X 1
290 TNG 3 b sx
-2
__4.
y 36' y
21 3
1

g (x) =4 — 3x — 2x>. We first gather the following information on f.

1. The domain of f is (—o0, c0).

2. Sefting x = 0 gives y = 4 as the y-intercept. Setting y = g (x) = 0 gives a cubic equation which is not easily

solved, and we will not attempt to find the x-intercepts.
3. lim g(x)=ocoand lim g(x) = —o0,
X——0 X300

4, The graph of g has no asymptote.

5. g (x) = =3 — 6x% = =3 (2x2 + 1) < 0 for all values of x and so g is decreasing on (—00, 00).

6. The results of step 5 show that g has no critical number and hence no y
relative extremum. zg-

7. g" (x) = —12x. Because g” (x) > Oforx < Oand g” (x) < 0 forx > 0, 10
we see that g is concave upward on (—oo, 0) and concave downward on APEy 1 é)-
(0, 00). ol
-30

8. From the results of step 7, we see that (0, 4) is an inflection point of g.

f (x) = x* — 2x + 3. We first gather the following information on f.

1. The domain of f is (—oo, 00).

2. Setting x = 0 gives the y-intercept as 3. There is no x-intercept because x2 — 2x + 3 = 0 has no real solution,

3 lim x2—2x +3= lim x*—-2x+43=oc0.
X300 X—> 00

4. There is no asymptote because f (x) is a polynomial.

5. fl(x)=2x~2=2(x —1)=0ifx = 1. Thesign diagram - - - —~ — — 0 + + + signoff

shows that f is decreasing on (—oo, 1) and increasing on ; .
(l: OO) N 0 1

X
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39.

40,

6. The point (1, 2) is a relative minimum.

7. f" (x) =2 > 0 for all x and so the graph of f is concave upward on

(—00, 00).

8. Because f” (x) # O for all values of x, there is no inflection point.

[ S T e N =

h(x) = x> — 3x + 1. We first gather the following information on 4.

1. The domain of # is (—o0, 00).

2. Setting x = 0 gives 1 as the y-intercept. We will not find the x-intercept.
3. lim (x> —=3x + 1) = —oo and Jim_ (x> =3x+1)=o0.

4. There is no asymptote because /# (x) is a polynomial.

5. (x)=3x2=3=3(x+1)(x — 1), and we see that x = —1 A = = - - 0 + + signofl

and x = 1 are critical numbers, From the sign diagram, we see : ; : x
that # is increasing on (—oo, —1) and (1, oo) and decreasing
on (—1,1).

6. The results of step 5 show that (—1, 3) is a relative maximum and (1, —1) y
is a relative minimum.

7. b (x) = 6x,50 B (x) < 0ifx < Oand A" (x) > 0ifx > 0. Thus, the /\

graph of & is concave downward on (—oo, 0) and concave upward on _ . ' .
0, ). /2 —1 _20 N+ 2 x

8. The results of step 7 show that (0, 1) is an inflection point of 4.

£ (x) = 2x3 + 1. We first gather the following information on f.

1. The domain of f is (—o0, 00).
2. Setting x = 0 gives 1 as the y-intercept. Next, observe that 2x> = —1 implies that x> = —%, S0
1 ~— . ‘_.
x=-s 0.8 is the x-intercept.
3. lim (2x* + 1) =occand lim (2x° + 1) = —oo.
X—00 X =00
4. Because f (x) is a polynomial, there is no asymptote.
5. f7 (x) = 6x2 = 0 if x = 0, a critical number of f. Because f* (x) > 0 for all x # 0, we see that f is increasing
on (—o0, 00).

6. Using the results of step 5, we see that f has no relative extremum.

y

6

7. f"(x) = 12x = 0if x = 0. Because f” (x) < 0ifx <Oand /" (x) > 0 4

if x > 0, we see that f is concave downward if x < 0 and concave upward 2
ifx > 0. T 0 j >

8. The results of step 7 show that (0, 1) is an inflection point. ' —4

~6
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41. f (x) = —2x3 4 3x2 4 12x + 2. We first gather the following information on f.

42.

oy

. The domain of f is (—o0, 00).

. Setting x = 0 gives 2 as the y-intercept.

lim (=2x% +3x2 + 12x +2) = ooand lim (—2x* +3x? 4+ 12x +2) = —c0
Xr—00 X0

. There is no asymptote because f (x) is a polynomial function.

(%) = —6x2 4+ 6x 4+ 12=—6 (x2 —x=2)==6(x—2)(x +1)=0ifx = —1or x = 2, the critical
numbers of /. From the sign diagram, we see that f is — =0 ++ + 4+ + 0 — — signoff
decreasing on (—oo, —1) and (2, 00) and increasing on : : ; > x
(_1’ 2). _1 O 2

. The results of step 5 show that (—1, —5) is a relative minimum and (2, 22) is a relative maximum.

. f"(x) = —12x + 6 = 0ifx = }. The sign diagram of e
f""shows that the graph of f is concave upward on (—oo, —%) 0 1 .

2
and concave downward on (%, oo).

. The results of step 7 show that (%, 1—27-) is an inflection point. y
20

10

3201 2 3 \\Z; x
-10
-20

() =2t — 15> + 361 — 20. We first gather the following information on f.

. The domain of f is (—~o0, c0).

. Setting ¢ = 0 gives —20 as the y-intercept. Setting y = f (t) = 0 leads to a cubic equation which is not easily
solved and we will not attempt to find the z-intercepts.

. I—I)I-I—noof(t) = —oo and ’gr&f(t) = 00.

. f has no asymptote.

S () =612 =300 4+36=6(1?=5t+6)=6(1—3)(t—2). + 4+ +++0—0 ++ + signoff
The sign diagram for f shows that f is increasing on ‘ i ; > 1

(=00, 2) and (3, co) and decreasing on (2, 3). 0 2 3

. The results of step 5 show that (2, 8) is a relative maximum and (3, 7) is a relative minimum.
. /7 (8) =12t —30 = 6 (2t — 5). Setting f” (1) = O givest = 3 asa y

candidate for an inflection point of f. Because f“ () < 0 fort < % and 22

f7@® > 0fort > %, we see that f is concave downward on (—oo, %) 10

and concave upward on (%, oo). _1: 1 2 3 4 5t
. From the results of step 7, we see that (%, 12—5) is an inflection point of f. —20
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43. h(x) = 3x* —2x3 — 6x2 + 8. We first gather the following information on 4,

1. The domain of # is (—00, 00).

2, Setting x = O gives 8 as the y-intercept.
3. x_l)ir_nooh x) = xl_i)n;oh x)=o00

4. There is no asymptote.

5. 0 (x) = 6x3 — 6x% — 12x = 6x (x> ~x —2) = 6x (x —2) (x + 1) = 0if x = —1, 0, or 2, and these are the

critical numbers of 4. The sign diagram of 4’ shows that /4 is - —0+0—-~—~—0 + + signofl
increasing on (—1, 0) and (2, 0o) and decreasing on : . ; x
(=00, —1) and (0, 2). -0 2

6. The results of step 5 show that (—1, %) and (2, —8) are relative minima of / and (0, 8) is a relative maximum of
h.

7. h" (x) = 18x% — 12x — 12 = 6 (3x% — 2x — 2). The zeros of 4" are x = ZE¥H2 ~ 05 0r 1.2,

The sign diagram of #” shows that the graph of / is concave 40 - = - - — = 0 + + signofi”

upward on (—oo, —0.5) and (1.2, co) and concave downward ; : : > X

on (—0.5, 1.2). ~-05 0 =12
8. The results of step 7 also show that (0.5, 6.8) and (1.2, —1) y

are inflection points. 201

10;\
-2 -1 0 1\ 2/ 3~
._10.

44. f (1) = 3t* + 4> = 13 (3t + 4). We first gather the following information on f.

1. The domain of f is (—o0, 00).

2. Setting ¢ = 0 gives 0 as the y-intercept. Next, setting y = f (¢) = 0 gives 3t 443 = (3t 4+4) =0and
t= —% and 7 = 0 as the 7-intercepts.

3. ’l_1>ngof (t) = oo and ,_lgr_rloof(t) = 00.

4. There is no asymptote.

5. f7 (1) = 1263 + 121> = 1212 (¢ + 1). From the sign diagram — = — 0+ 4+ 4+ 0+ + + signoff
for f7, we see that f is increasing on (—1, oo) and decreasing : : >
on (—oo, —1). -1 0
6. From the results of step 5, we see that has a relative minimum at (-1, —1).
7. £ (1) = 3612 4 24t = 12t (3t + 2). Setting [ () = 0 gives
. ++ +0—-—- -0+ + + signoff”
t = —% and ¢ = 0 as candidates for inflection points of /. The .
sign diagram for /" shows that f is concave upward on - 0

(—oo, —%) and (0, oo) and concave downward on (—%, O).




45,

46.
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8. The results of step 7 imply that (-—-32—, —-%) and (0, 0) are

inflection points of f.

[ N

f (&) = +/t2 — 4, We first gather the following information on f.

. The domain of f is found by solving > — 4 > 0 to obtain (—oco, —2] U [2, c0).

[ony

2. Because ¢ # 0, there is no y-intercept. Next, setting y = f (¢) = 0 gives the ¢-intercepts as —2 and 2.
> rl}rjloof )= ’gngof (t) = oo,

4. There is no asymptote.

t
12

s O =42-4""en=1(2-4"" =

h Setting f” (f) = 0 gives f = 0. But/ = 0 is not in the

domain of f and so there is no critical number. From the sign - + + +  signoff

> [

~
~

diagram for f’, we see that f is increasing on (2, co) and

decreasing on (—o0, —2).
6. From the results of step 5 we see that there is no relative extremum. y
w0 == (-3 @ - 97 en 6
4
=3/2 2 2 4
=(*-4 P—d4—1) =~ .
O R e )
8. Because f” (1) < 0 for all 7 in the domain of f, we see that f is concave T <4 20 2 4 61

downward everywhere. From the results of step 7, we see that there is no
inflection point.

£ (%) = +/x% 4 5. We first gather the following information on f.

1. The domain of f is (~o0, 00).

2. Setting x = 0 gives +/5 & 2.2 as the y-intercept.

3. xl)irzloox/xz—-l-S = v1_l>n(1>o VxT 45 = oo,

4, The results of step 3 show that there is no horizontal asymptote. There is also no vertical asymptote.

) =42 +9) 7 ex) =

t

X
———— and this shows that x = 0 is a critical number of f. Because
Vx2 45

ST(x) <0ifx <0and /' (x) > 0isx > 0, we see that f is decreasing on (—oo, 0) and increasing on (0, c0).

=2

. The results of step 5 show that (O, «/5) is a relative minimum of f.

=~

L (x) = %x (x* + 5)_1/2 = (x2+ 5)-1/2 +x (—%) (x? + 5)~3/2 @x) = (x> + 5)_3/2 [&%+5) -]
5

T s
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47

48.

This expression is positive for all values of x, so the graph of f is concave
upward on (—oo, 00).

8. The results of step 7 also show that there is no inflection point. 4

-6 -4 20 2 4 6x

gx)= %x — /x. We first gather the following information on g.
1. The domain of g is [0, 0o).
2. The y-intercept is 0. To find the x-intercept(s), set y = 0, giving Sx — /x = 0, x = 2/x, x? = 4x,

x{(x—4)=0,andsox =0o0rx =4.

i Iy = lim 1 —23)_
o Jim, (3 = 5) = Jim 3 (1= ) = oo
4, There is no asymptote.
- - Jx =1 i
s, g/(x):%_%x 1/2=%x 1/2(x1/2__1): > , which — — =0 + + + signofy
Vx .
+ X

is zero when x = 1. From the sign diagram for g’, we see that (\) 1

g is decreasing on (0, 1) and increasing on (1, co).
6. From the results of part 5, we see that g (1) = —% is a relative minimum. ¥y

1
= (=LY {-=1)x32 i

7. 8" (x) = ( 2) ( 2)x 12 7 > 0 forx > 0, and so g is concave 1

upward on (0, co).

10 %

8. There is no inflection point. OM 6 8
-1

f&x)= /x2. We first gather the following information on f.

1. The domain of £ is (—00, 00) because x* > 0 for all x.

2. Setting x = 0 gives the y-intercept as 0. Similarly, setting y = 0 gives 0 as the x-intercept.
3. lim vx%= lim ¥/x?=oco.
X 00 X300

4. There is no asymptote.

d -
5 fx)= ;,—);xz/3 = %x“w = 355 The sign diagram of f” ' not defined
shows that f is decreasing on (—co, 0) and increasingon l R b4+ signoff
¢ > X
(0, 00). 0
6. Because f has no critical number, f has no relative extremum. y
d (7 _i3 2..-4/3 2 4
7. f”(x):z‘-{-;(gx /)=—--9-x / =——9—x4—/3>0forallx;é0,andso N
£ is concave downward on (—oo, 0) and (0, 00). 27
8. Because f* (x) # 0, there is no inflection point.
-0 -5 0 5 10«
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2
49. g(x) = Pl We first gather the following information on g.

50.

51.

1. The domain of g is (—o0, 1) U (1, 00).

2. Setting x = 0 gives —2 as the y-intercept. There is no x-intercept because
x —

3. lim =0and lim =0,

X——00 X — x-300x — 1

2
] s 0 for all x.

219

4. The results of step 3 show that y = 0 is a horizontal asymptote. Furthermore, the denominator of g (x) is equal to

zero at x = 1 but the numerator is not equal to zero there. Therefore, x = 1 is a vertical asymptote.

sg=—"20x-1D"7=

< 0 for all x # 1 and so g is decreasing on (—o0, 1) and (1, 00).

-1
6. Because g has no critical number, there is no relative extremum. y
8
4

7. 8" (x) = —— andsog” (x) < 0ifx < land g" (x) > Oifx > 1.

x-1 4
Therefore, the graph of g is concave downward on (—o0, 1) and concave s

==l

upward on (1, c0).

8. Because g” (x) # 0, there is no inflection point. -8

1
fx= P We first gather the following information on f.
x

2. Setting x = 0 gives the y-intercept as 1. Because y # 0, there is no x-intercept.

> ,v—lj@oof ) = xlglgof ) =0.

|

1. Because the denominator is zero when x = —1, we see that the domain of f is (—oo, —1) U (-1, 00).

4, From the results of step 3, we see that y = 0 is a horizontal asymptote of f. Next, setting the denominator of f

equal to zero gives x = —1. Furthermore, lim f(x) = —ooand lim f(x) =oo0,andsox =—lisa
x—=-=1 x=—11
vertical asymptote of .
1
5. f(x)= —E—-i——l)z' Note that /7 (x) is not defined at x = —1. Because f (x) < 0 whenever x is defined, we
x

see that f is decreasing everywhere.
6. The results of step 5 show that there is no critical numbers (x = —1 is not y

in the domain of f.) Thus, there is no relative extremum. 8 I

4

7 [ (x) = We see that f* (x) < 0 forx < —~Tand /" (x) > 0

1558

(x+
for x > —1. Therefore, f is concave downward on (—oo, —1) and
concave upward on (—1, 00).

8. Because /7 has no critical number, f has no inflection point.

2
hix)= rt 7 We first gather the following information on 4.
¥ —

1. The domain of % is (—o0, 2) U (2, 00).

2. Setting x = 0 gives y = —1 as the y-intercept. Next, setting y = 0 gives x = —2 as the x-intercept.

2

. o X
3 xl}-)n;oh (x) - x~l)nPoo 1— %

= lim h(x) =1
X —CO
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52.

53.
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4, Setting x — 2 = 0 gives x = 2. Furthermore, lim X = 00, $0 x = 2 is a vertical asymptote of . Also, from

X2t X —
the results of step 3, we see that y = 1 is a horizontal asymptote of 4.
-2 -x+2)D) 4
5 k' (x)= = - . We see that ‘
® =2y -2 e
A has no critical number, (Note that x = 2 is not in the domain l signotn
t t X
of #.) The sign diagram of 4’ shows that /4 is decreasing on 0 2
(—00, 2) and (2, 00).
6. From the results of step 5, we see that there is no relative extremum.
8
7. h" (x) = (———233 Note that x = 2 is not a candidate for an inflection y
X = : 81
point because % (2) is not defined. Because 4" (x) < 0 forx < 2 and 4' :
k" (x) > 0 for x > 2, we see that / is concave downward on (—oo, 2) and ~ 1 :_ B
concave upward on (2, c0). T o S s ok
8. From the results of step 7, we see that there is no inflection point. *4'\ :
I

gx)= __x_l_ We first gather the following information on g.
¥ —

1. The domain of g is (—o0, 1) U (1, 00).
2. Setting x = 0 gives 0 as the y-intercept. Similarly, setting y = 0 gives 0 as the x-intercept.

=1.

3. lim
X—o—00 X —

= 1and lim
x—oox —1

4. The results of step 3 show that y = 1 is a horizontal asymptote. Next, because the denominator is zero at x = 1
but the numerator is not equal to zero at this value of x, we see that x = 1 is a vertical asymptote of g.

-1y —=xQ 1
58 (x)= G=D® 2x( ) = - 5 < 0ifx # 1 and so f is decreasing on (—oo, 1) and (1, 00).
x—-1 x—-1
6. Because g’ (x) # 0 for all x, there is no critical number and so g has no
relative extremum. g I
|
2 4l
7. ¢ (x) = Z————f)g andso g’ (x) < 0ifx <landg” (x) > 0ifx > 1. 21 :
x-=n - - T 0t e - ST
Therefore, the graph of g is concave downward on (—oc, 1) and concave -2 -1 ;’ 1725 4%
upward on (1, oc). 4 :
|

8. Because g” (x) # O for all x, we see that there is no inflection point.

2
) = ——. We first gather the following information on f.
1472

1. The domain of f is (—o00, 00).
2. Setting ¢t = 0 gives the y-intercept as 0. Similarly, setting y = 0 gives the #-intercept as 0.
2 /2
3 lim —— = lim —— = 1.
{——c0 ]l 42 t3001+4¢2
4. The results of step 3 show that y = 1 is a horizontal asymptote. There is no vertical asymptote since the
denominator is never zero.
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1+ Q)—-F2@n 2«
(1+12) (142
t <0and ' (¢) > 0if ¢t > 0, we see that f is decreasing on (—o0, 0) and increasing on (0, co).

5. /()= =0, if 7 = 0, the only critical number of f. Because f* () < 0 if

6. The results of step 5 show that (0, 0) is a relative minimum,

1+ @ -2@ 1+ @) 20+2)[1+2) -4 2(1-37)

nS0= 1+ (1+2)° =y o=
The sign diagram of f shows that f is concave downward —~ — — 0 + + + + + 0 — — — signoff”
on (—oo, ———‘é—i) and (—‘?—, oo) and concave upward on j 8 ﬁ x
(“3@ J—g) 3 3
3>73 )
8. The results of step 7 show that (—?, %) and (4, %) are y
inflection points. S ==z 1 e

_’_4 ;2 0_ l2 21[

x x
-4 G+ -2)

gx) == We first gather the following information on g.
x

1. The denominator of g (x) is zero when x = £2, and so the domain of g is (—oo, —2) U (=2, 2) U (2, o0).

2. Setting x = 0 gives 0 as the y-intercept and setting y = 0 gives 0 as the x-intercept.

1
. x o Y i . _
3, xl:riloo T xgrr;o -z = 0. Similarly, Xlgxgog(x) =0.
X

4. From the results of step 3, we see that y = 0 is a horizontal asymptote of g. Next, observe that the denominator
x x

f i h =+2. N li —_ = —00, li = 00,
of g (x) s zero when x A G -2 OG-y ®
X x
lim ————————— = —o0,and lim -—————— = o0, Therefore,x = —2 andx =2 rtical
lim PR oo, and lim R oo. Therefore, x and x are vertica
asymptotes.
2 2
x—4) (1) —x(2x 4
5. g (x) = ( ) Q) 5 2x) _ -t 5. Because g’ (x) < 0 whenever it is defined, we see that g is
(2 -4) (=4

decreasing everywhere.
6. From the results of step 5, we see that there is no relative extremum.

(% = 4)? (=20) + (32 + 4) 2 (x2 — 4) 2x) _u (@) (= 422+ 8) 2 (2412
(2 —4)* (x2 —4)* (x2 —4)°

7. g" (x) =

Setting g” (x) = 0 gives x = 0 as the only candidate for a

g" not defined
point of inflection. The sign diagram for g” shows that g is - - (+ + 0 - —\l + + signofg”
concave upward on (—2, 0) and (2, co) and concave y : '

} t t X
downward on (—o0, —2) and (0, 2). 2 0 2
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8. From the results of step 7, we see that (0, 0) is an inflection

point of g.
-2
55. g (1) =— 1 We first gather the following information on g.

1. The domain of g is (—oo, 1) U (1, 00)

T N

2. Setting r = 0 gives —2 as the y-intercept.
2 2
=2 . - =2
3. lim (— ) =ooand lim (— ) = —00,
> —00 -1 t—00 t—1
4. There is no horizontal asymptotes. The denominator is equal to zero at t = 1 at which number the numerator is

not equal to zero. Therefore 1 = 1 is a vertical asymptote.

t-neEn-0E-2)1)

g (1) =~

(t— 1)2 ¢' not defined
222 L - = — — s ]
= ——————;—— # 0 for all values of . l sign of g
(-1 ; ; '
The sign diagram of g’ shows that g is decreasing on (—o0, 1) 0 :
and (1, co).
6. Because there is no critical number, g has no relative extremum,
t-12@-2)—(-2+2)Q (-1
7 g” (t) = 4
-1 g" not defined
_—2(1—-1)(t2—2t+1—t2+2t—-2)__ 2 - - - = - - |+ + signofg”
- (-4 -1 , : ‘
0 1
The sign diagram of g”’shows that the graph of g is concave
upward on (1, co) and concave downward on (—oo, 1).
8. There is no inflection point because g” (x) £ 0 for all x. |
i
|
-3 —2-10 1 3 4 ¢
4!
8] |
-t !

x?—
3

9
56. fx= T4 We first gather the following information on f.

1. The domain is (—o0, —2) U (=2, 2) U (2, 00).

2. The y-intercept is % and the x-intercepts are —3 and 3.
9

7 . . X
% = 1,and similarly lim —
= x5—0 x4 —4
X

=1.
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4. From the results of step 3, we see that y = 1 is a horizontal asymptote. Next, x2 — 4 = 0 implies x = £2,
Because the numerator x2 — 9 is not zero at x = 2, we see that x = —2 and x = 2 are vertical asymptotes,

@-gen-(2-9ey

(x2 - 4)2 - (x2 _ 4)2 ( ' not defined \l |
- - =0+ + + + signofyf

to 0 at x = 0 and is discontinuous at x = 32, From the sign

5. f1(x) =

t X
diagram for f”, we see that f is increasing on (0, 2) and -2 0 2
(2, 00) and decreasing on (—oo, —2) and (=2, 0).

6. The point (O, %) is a relative minimum.

(x2 = 4)° (10) = (10x) @) (32 = 4) @x) 10 (x> = 4) (x> —4—4x?) =10 (3x +4)

7 ) = = g
=9’ 2=’ 2=
which is not defined at x = 2. From the sign diagram for f*, # not defined
we see that 1 is concave upward on (—2, 2) and concave [ (+ + 4+ + +\l —~ - signof "
downward on (—o0, —2) and (2, 00). " . : x
-2 0 2
8. There is no inflection point. Note that bothx = —2 and x = 2 DT
lie outside the domain of f. k j

[ ]
=N
|
&
_.—::‘{
| 1.
BN Ny
—— -4
==
A
e
=

2

2—1

g)= We first gather the following information on g.

1. Because 12 — 1 = 0 if 1 = £1, we see that the domain ofg is (—oo, —1) U (=1, 1) U (1, 00).
2. Setting 7 = 0 gives 0 as the y-intercept. Setting y = 0 gives 0 as the ¢-intercept.
5 im g 0)= lim g =1

4, The results of step 3 show that y = 1 is a horizontal asymptote. Because the denominator (but not the numerator)
is zero at ¢ = =1, we see that 1 = =*1 are vertical asymptotes.

(12— 1) @) — () @) 2 )
5.8/ (N = =- =0if ot defined
(tz - 1)2 (’2 _ 1)2 ( g not delin w .
++ + | - == - - — — — signofyg'
¢t = 0. From the sign diagram of g’, we see that g is , , ; '
increasing on (—oo, —1) and (—1, 0) and decreasing on -1 0 1

(0, 1) and (1, o0).

6. From the results of step 5, we see that g has a relative maximum at ¢ = 0,
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(R 1)2 =) -(20 @ (-1 @) 2 E-1)[-(P-1)+42] 2(-+1+47)

7. 8" (@) = =

=) -1’ @1y
232 +1)
S e-y
From the sign diagram, we see that the graph of g is concave

g" not defined
upward on (—oco, —1) and (1, co) and concave downwardon  + + + (_ - - _\l + 4+ + signofg”
(-1, 1). A = = :

T o e - - =

8, Because g is undefined at £1, the graph of g has no inflection p Y i
3
point. J; ) :k
{ 1
1

1
h(x) = gL We first gather the following information on 4.

1. Because x2 —x —2 = (x =2) (x + 1) = 0ifx = —1 or x = 2, we see that the domain of / is

('—OO, _l) u (—1: 2) U (2’ OO).
. Setting x = 0 gives —% as the y-intercept.

. lim A(x) = lim & (x)=0.
X —00C X— 00

4. The results of step 3 show that y = 0 isa horizontal asymptote. Furthermore, the denominator is equal to zero at

x = —1 and x = 2, where the numerator is not equal to zero. Therefore, x = —1 and x = 2 are vertical
asymptotes.
d -1 ) 1—2x
s () =—@(x-x=2) =—(x*>-x-2) " Wx-D)=—7—"T—.
e g
Setting A’ (x) = 0 gives x = % as a critical number. The sign 1 not defined
diagram of A’ shows us that / is increasing on (—oo0, —1)and + + + l/+ + 0 — —\l = = = signofl
+ + + + > |
(—1, l) and decreasing on (%, 2) and (2, 00). -1 041 2
6. The results of step 5 show that (%, —%) is a relative maximum.
, (2 —x 2> (=2) = (1 =2x0)2 (x> —=x —=2) 2x — 1)
7R (x) = PSRPY
(x2—x—2)
2(x2=x = 2)[- (2 —=x = 2) + (2x — 1)?] B 6 (x> —x+1)
(x2—x—2)4 (xz—-x—2)3.
k" (x) has no zero and is discontinuous at x = —1 and x = 2. 1" not defined
The sign diagram of #” shows that the graph of 4 is concave  + + + l/ - —— = —w + + + signofh”
upward on (—oo, —1) and (2, o) and concave downward on i £ + ' > 1
-1 0 1 2

(-1,2).




8. Because A" (x) # 0, there is no inflection point.

4.3 CURVE SKETCHING

59. 4 (x) = (x — 1)*3 4 1. We begin by obtaining the following information on 4.

1. The domain of 4 is (—o0, 00).

2. Setting x = 0 gives 2 as the y-intercept; since /4 (x) # 0 there is no x-intercept.

w

. Y _ - _ N3 _
Jim [ —D*°+1] =00 and x_l)lr_l}oo [ = D*° +1] = 0.

4. There is no asymptote.

n

decreasing on (—o0, 1).

=2

. From step 5, we see that 4 has a relative minimum at (1, 1).
2
1 R N & e S
(- e-D*=—f -1 = T
Because 4" (x) < 0 on (—oo, 1) and (1, 0o0), we see that % is concave
downward on (—o0, 1) and (1, 00). Note that #” (x) is not defined at

x =1

~1

R () =2

8. From the results of step 7, we see 4 has no inflection point.

60. g (x) = (x +2)*% + 1. We first gather the following information on g.

1. The domain of g is [—2, 00).
2. Setting x = 0 gives 2°/2 + 1 ~ 3.8 as the y-intercept.
. T 3/2 —
3. xlﬁlérrgog(x) vl}_)rrgo (x+2)7*+1=o0.
. There is no asymptote.
. g (x) =3 (x+2)!/2 > 0ifx > —2, and so g is increasing on (-2, c0).

. There is no relative extremum because g’ (x) # 0 on (=2, 00),

3
L g7 (x) = %(x +2)"2 = ——— > 0ifx > 0, and so the graph of g is
Vx+2

4/x +2
concave upward on (2, co).

8. There is no inflection point since g” (x) # 0.

) 0.5x
lim
x—100— 100 — x

61. a, The denominator of C (x) is equal to zero if x = 100. Also,

Therefore, x = 100 is a vertical asymptote of C.

==l
S
P T\e
R ]

L (%) = % (x — 1)“1/3 and is positive if x > 1 and negative if x < 1. Thus, 4 is increasing on (1, 00) and

—3-2-100 1 2 3 4 x

-1

y

104

8

6

4

A
-3 -2 100 {3k

. 0.5x

=ocand lim = -

x—100+ 100 — x

b. No, because the denominator is equal to zero in that case.
A . 2500 . .
62. a. lim C(x)= lim [2.2+ —— ) =22, and so y = 2.2 is a horizontal asymptote.
x—=00 X—00 X

225
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63.

64.

65.

66.

4 APPLICATIONS OF THE DERIVATIVE

b. The limiting value is 2.2, or $2.20 per disc.

0.2¢ 0.2
a. Because lim C (/) = lim - = lim = 0, y = 0 is a horizontal asymptote.
{—>00 =00 4 41 1500\ 4 t_lz_

b. Our results reveal that as time passes, the concentration of the drug decreases and approaches zero.

ax . a . .
a. lim = lim 7 = @, so the horizontal asymptote is V' = a.

xooox + b x‘“”l—{—;

b. The initial speed of the reaction approaches a moles/liter/sec as the amount of substrate becomes arbitrarily

large.
G (1) = —0.213 + 2.4r% + 60. We first gather the following information on G.

1. The domain of G is restricted to [0, 8].

2. Setting t = 0 gives 60 as the y-intercept.
Step 3 is unnecessary in this case because of the restricted domain.

4. There is no asymptote because G is a polynomial function.

5. G' (1) = —0.612 +4.8t = —0.61 (t —8) = 0ift =0 or¢ = 8, critical numbers of G. But G’ () > 0 on (0, 8), so

G is increasing on its domain,

6. The results of step 5 tell us that there is no relative extremum.

7. G"(t) = —1.2t + 4.8 = —1.2 (r — 4). The sign diagram of 4+ 4+ 0 - - — sign of G"

G" shows that G is concave upward on (0, 4) and concave t t 1 > !
downward on (4, 8).

8. The results of step 7 show that (4, 85.6) is an inflection point. G
120
110
100
90
80
70
601
50

ol 1 234567869c¢
N () = —0.1 + 1.5/ + 80,0 < t < 7. We first gather the following information on N.

1. The domain of N is [0, 7].

2. Setting # = 0 gives 80 as the y-intercept.
Step 3 is unnecessary in this case because of the restricted domain.

4. There is no asymptote because N is a polynomial function.

5 N (t)=—-032+3t=-03t (¢t —10)=0ifr =0or FoE oo+ sign of N
t = 10, but r = 10 lies outside the domain of N. The sign } '

o

diagram of N’ shows that N is increasing on (0, 7).

6. The results of step 5 tell us that f (0) = 80 is a relative minimum,




7.

8.
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N (t) = —0.6t + 3 = ~0.6 (t — 5). The sign diagram of N + 4+ 4+ +0 - sign of N”
shows that & is concave upward on (0, 5) and concave f ; s t
downward on (5, 7). 0 A 5 7
The results of step 7 show that (5, 105) is an inflection point. N
Because N is concave upward on (0, 5) and concave 1201
downward on (5, 7) it follows that N’ (the rate of increase of 1104
N) was increasing from 0 to 5 and decreasing thereafter, This 1007
indicates that the program is working, 207
80+
704

o0 1 23456781

67. N (1) = —1> +3r2 4 10¢,0 < 1 < 4. We first gather the following information on N.

68.

1

2.

The domain of N is restricted to [0, 4].
The y-intercept is 0.

Step 3 does not apply because the domain of N () is [0, 4].

4.
5.
6,

There is no asymptote.
N ()= —%t2 + 6410 = —-% (3t2 — 12¢ — 20) is never zero. Therefore, N is increasing on (0, 4).

There is no relative extremum in (0, 4).

.N”(t)=—3t+6:—3(1—2):0att:2.Fr0mthesign + 4+ 4+ 0 — — — sign of N
diagram of N”, we see that N is concave upward on (0, 2) and £ ¢ F—
concave downward on (2, 4). 0 2 4

. The point (2, 28) is an inflection point. N

601
501
40
30
20
10

0.2¢

cC@)= 12_+T We first gather the following information on C.

1.

The domain of C is [0, c0).

2, Ift = 0,then y = 0. Also, if y = 0, thens = 0.
0.2¢
3. ,gr& Z‘Z_—f-—wf =0,
4, The results of step 3 imply that y = 0 is a horizontal asymptote.
241)02)—-02e20) 02(%+1-22) 02(1—¢2
5.C’(t)=( )( ) 5 ( )= ( 5 )= ( 2):0att:il,sot:lisacritical
(?+1) (?+1) (2+1)
number of C. The sign diagram of C’ shows that C is 44+ 0 - ———  signofC

decreasing on (1, co) and increasing on (0, 1).

> [

o

227
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6. The results of step 5 tell us that (1, 0.1) is a relative maximum,

1)

) =02 {(ﬂ + 12 (=20 - (1= 2(2+1) (21)} _02(2+1) @) (=2 - 1-2+427)
2 +1)°
0.4 (2 =3)
@+

The sign diagram of C” shows that the graph of C is concave

- == =0+ + + signof C’

downward on (0, «/§) and concave upward on (ﬁ , oo).

©

8. The results of step 7 show that («/5 , 0.05«/§) is an inflection point.

120x2

69. T (x) = i We first gather the following information on 7.

X2
1. The domain of 7" is [0, c0).
2. Setting x = 0 gives 0 as the y-intercept.

120x2
x4 = 120.

3. lim —
x—o00 x4 4+

4. The results of step 3 show that y = 120 is a horizontal asymptote.

s 77 () = 120 [(;;2 +4)2x — x2 (2x)jl __ 960x
(x

(x2 +4)° 24 4)
on (0, c0).

6. There is no relative extremum,

B

0.14

> [

5 Because 7' (x) > 0if x > 0, we see that T is increasing

. T = 960
P [ s

The sign diagram for 7" shows that T is concave downward

(x2 +4)*

(2 +4) —x @ (2 +4) (2x)} _ 960 (x* +4) [(r* +4) —4x?] _ %60 (4 —3x2) |

(2 +4)°

+++0-=- - = sign of 7

on (%ﬁ, oo) and concave upward on (O, %5) '

8. We see from the results of step 7 that (2—3‘[3, 30) is an inflection point.

2
3

100
80
60
40
20

X
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71.

72.

73.

74.
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Using the curve-sketching guidelines, we obtain the following y
graph of f (¢) = 20¢ — 404/f + 52. The speed of traffic flow 60
decreases until it reaches a minimum of 32 mph at 7 am., and ig K—/
then increases again to 52 mph. 30

20

101

0 i o2 3 41
0.5x . .
Cx)= 100 . We first gather the following information on C.
—X

1. The domain of C is [0, 100).
2. Setting x = O gives the y-intercept as 0.

Because of the restricted domain, we omit steps 3 and 4.

100 —x) (1) —x (—1 50
5.C'(x)=105 [( ) (1) zx( )] = 5 > 0 forall x # 100. Therefore C is increasing on
(100 — x) (100 — x)
(0, 100).
6. There is no relative extremum. C :
100 10 |
7. C" (x) = —————5,50 C" (x) > 0 if x < 100 and the graph of C is 8 !
(100 — x) 6 :
concave upward on (0, 100). 4 !
1
8. There is no inflection point. ’ ]
0 20 40 60 80 100 %
. 0 x<0 \ .
False. Consider f (x) =1{ - f has a vertical asymptote at x = 0, but lim f (x) =0.
1/x x>0 x50~
. 0 x<0 . . . .
False. Consider f (x) = . 0 The graph of f intersects its vertical asymptote at the point (0, 0).
1/x x>
2x <2
X
False. Consider f (x) = { x2+4 - Since lim f (x) = 0, we see that y = 0 is a horizontal
3 7 X—00
—ix + 3 x>2
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Fx) =4x3 —4x2 + x + 10,50 [ (x) = 1262 —8x +1=(x -1 2x -1 =0ifx = % orx = %.Thesecond

graph shows that f has a maximum at x = % and a minimum at x = %
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I N

-10 —t— et +—f—t
-10 -5 0 5 10 20 -15 -1

T

ot +—+
0 05 00 05

S &) =% +2x2+x —12,50 f' () =3x? +4x + 1= (x + 1) B3x + 1) = 0 ifx = —1 or —1. The second graph

1

shows that f has a maximum at x = —1 and a minimum at x = —5.
]
3. 10 t t + /' t t 9.8 - ‘
0 -100 T
-102 1
-10 e —t— }
1005 0 5 10 -1 0

f(x):%x4+x3+%xz—IO,sof’(x):2x3+3x2+x=x(x+1)(2x+1):0ifx=—1,—-%,or0. The

second graph shows that x has minima atx = —1 and x = 0 and a maximum at x = —-21-.
4. 10 f——t+—+f—+ 4 +—yt —t :
| \,} 3T T
0
24 1
10—t e — | +— Pt |
-10 -5 0 5 10 -1 0 1 2 3

S ) =225x% —4x? +2x2 + 2,50 f (x) = 9% — 12x? 4 4x = x (3x —2)? ifx = 0 or 2. The second graph

shows that f has a minimum at x = 0 and no extremum at %

5. —0.9733, 2.3165, and 4.6569.

6. —1.5962,0.6647, 1.8137, and 3.1178.

7. 1.5142 8. 0.7071
9. Fefrtp——————+ 10. ot
200 + + 15+
10+
100+ 4
5—_
0 it 0 ——

10




