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12. a. y = —0.06204¢3 + 0.48135¢% 4 0.3354¢ +20.1,0 <t < 5. b. e

¢. From the graph, it appears that f is increasing on (0, 5). This tells us
that the age at first marriage is increasing from 1960 through 2010.

d. y' = —0.18612¢% 4 0.9627¢ + 0.3354. Setting f’ (+) = 0 and solving
for ¢ gives t ~ —0.328 or 5.50. Both numbers lie outside the domain of
f, and because f’ (0) = 0.3354 > 0, we conclude that f/ () > O on —
(0, 5). Thus, f is increasing on (0, 5).

42 Applications of the Second Derivative

| Concept Questions | page 282

1. a. f is concave upward on (g, b) if f’ is increasing on (a, b). f is concave downward on (a, b) if f’ is decreasing
on (a, b).
b. For the procedure for determining where f is concave upward and where f is concave downward, see page 274
of the text.

2. An inflection point of the graph of f is a point on the graph of f where its concavity changes from upward to
downward or vice versa. See page 276 of the text for a procedure for finding inflection points.

3. The Second Derivative Test is stated on page 280 of the text. In general, if /" is easy to compute, then use the
Second Derivative Test. However, keep in mind that (1) in order to use this test /" must exist, (2) the test is
inconclusive if /' (¢) = 0, and (3) the test is inconvenient to use if f” is difficult to compute.

page 282

Exercises

1. f is concave downward on (—oo, 0) and concave upward on (0, co). f has an inflection point at (0, 0).

N

. f is concave downward on (O, %) and concave upward on (%, oo). £ has an inflection point at (%, 2).

3. f is concave downward on (—o0, 0) and (0, o).
4, f is concave upward on (—oo, —4) and (4, oo) and concave downward on (—4, 4).

5. f is concave upward on (—oo, 0) and (1, co) and concave downward on (0, 1). (0, 0) and (1, —1) are inflection
points of f.

6. f is concave upward on (0, 1) and (5, co) and concave downward on (1, 5).
7. f is concave downward on (—oo, —2) and (-2, 2) and (2, c0).
8. f is concave downward on (—oo, 0) and concave upward on (0, oo). (0, 1) is an inflection point.

9. a. f is concave upward on (0, 2), (4, 6), (7, 9), and (9, 12) and concave downward on (2, 4) and (6, 7).
b. f has inflection points at (2, %), (4,2), (6,2), and (7, 3).




198

10.

11,

15.

16.

17.

21.

22.

23.

24,

25.

26.

4 APPLICATIONS OF THE DERIVATIVE

a. f'(3) = 0 and so 3 is a critical number of f. Also, f” (3) < 0, and so the Second Derivative Test applies and
tells us that 3 gives a relative maximum. f” (5) = 0 and so 5 is a critical number of /. Also, f (5) > 0,and so 5
gives a relative minimum according to the SDT.

b. The Second Derivative Test is not conclusive when applied to the critical number 7 because f* (7) = 0. It cannot
be used at the critical number 9 because f” (9) does not exist.

(a) 12. (b) 13. (b) 14. (c)

a. D{ (1) > 0, D (t) > 0, Dy (r) > 0,and D3 (t) < 0 on (0, 12).

b. With or without the proposed promotional campaign, the deposits will increase, but with the promotion, the
deposits will increase at an increasing rate whereas without the promotion, the deposits will increase at a
decreasing rate.

a. The graph of f is concave upward on (0, £;), indicating that Car A is accelerating for 0 < ¢ < #;. The graph of g
is concave downward on (0, #1), indicating that Car B is decelerating for 0 < ¢ < #1.

b. The graph of f is concave downward on (71, £2), indicating that Car A is decelerating for /i < ¢ < #,. The graph
of g is concave upward on (1, #), indicating that Car B is accelerating foryy <t < 1.

¢. f has an inflection point at #1, so the acceleration of Car A is greatest at ¢ = 1. g has an inflection point at #1, so
the acceleration of Car B is least at ¢].

d. The two cars have the same velocitiesat = 0,¢ = f;, and { = .

() 18. (a) 19. (d) 20. (b)

a. Between 8 a.m. and 10 a.m. the rate of change of the rate of smartphone assembly is increasing; between 10 a.m.
and 12 noon, that rate is decreasing.

b. Ifyou look at the tangent lines to the graph of N, you will see that the tangent line at P has the greatest slope.
This means that the rate at which the average worker is assembling smartphones is greatest—that is, the worker is
most efficient—when r = 2, at 10 a.m.

a. f'(¢) is negative on (0, 1) and positive on (#2, 13). f” () is negative on (0, 71) and positive on (¢, 13).

b. The graph of f has an inflection point at (t1, f (#1)).

¢. Total deposits were initially decreasing faster and faster. At time #1, the rate of decrease reached its peak and
began to lessen. At time #,, deposits reached their lowest total and began to rebound.

The significance of the inflection point Q is that the restoration process is working at its peak at the time £
corresponding to the #-coordinate of Q.

a. The total change in the index over the period in question is zero.
b. The index was highest in June 2005.
¢. The index was increasing at the greatest rate in June 2003 and decreasing at the greatest rate in June 2006.

f(x)=4x? —12x + 7,50 f' (x) = 8x — 12 and f” (x) = 8. Thus, f” (x) > 0 everywhere, and so f is concave
upward everywhere.

g) =x*+ Ix2 +6x + 10,508  (x) = 4x> +x + 6 and g” (x) = 12x% + 1. We see that g” (x) > 1 for all values
of x, and so g is concave upward everywhere,
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1 4 20
)= P x4 s0 f1 (x) = 7 and ' (x) = 1 > 0 for all values of x in (—o0, 0) and (0, o0), and so [ is

concave upward on its domain.

gkx) = _m, sog' (x) = Ed); [-— (4 —xz)l/z] = —% (4 ——xz)“]/2 (=2x) = x (4 —xz)_l/2 and
" -1/2 - - —__.....4
g (x) = (4—x?) 72 4y (—%) (4 - x?) 32 (—ox) = (4 —x?) 3/2 [(4—x%) +x%] = (4_x2)3/2 >0

whenever it is defined. Thus, g is concave upward wherever it is defined.

f(x)=2x>=3x +4,50 f' (x) = 4x — 3 and f” (x) = 4x > 0 for all values of x. Thus, /" is concave upward on
p

(=00, 00).

g(x)=—x2+3x+4,50g (x) = —2x + 3 and g’ (x) = —2 < 0 for all values of x. Thus, g is concave downward
on (—00, 00).

Fx)=1=x350 f (x) = =3x% and f” (x) = —6x. + 4+ +0 - - sign of f"
From the sign diagram of /", we see that f is concave i > X

upward on (—oo, 0) and concave downward on (0, 00).

gx) =x>—x,50g (x) =3x%> — land g’ (x) = 6x. Because g’ (x) < 0ifx < Oand g’ (x) > 0ifx > 0, we see
that g is concave downward on (—oo, 0) and concave upward on (0, 00).

33. f(x) =x%—6x3+2x + 8,50 f' (x) = 4x> — 18x? + 2 and f” (x) = 12x? — 36x = 12x (x —3).
The sign diagram of " shows that f is concave upward on ++ 4+ 0 - - -0+ + + signoff”
(—o0, 0) and (3, co) and concave downward on (0, 3). (’) 3 > X
34, f(x) =3x* —6x3 +x — 8,50 £/ (x) = 12> — 18x% 4 L and f" (x) = 36x% — 36x = 36x (x — 1).
From the sign diagram of f”, we conclude that f is +++0—-=—-0++ + signoff”
concave upward on (—oo, 0) and (1, co) and concave . . > x
downward on (0, 1). 0 1
12
_ 47 _ 4.-3/7 12 —10/7 _ _
35, f(x)=x¥"s0 f/ (x) = 3x T and f" (x) = 5% 7= AT Observe that f” (x) < 0 forall x # 0,
so f is concave downward on (—oo, 0) and (0, c0).
36. f(x)= x]/35 so f'(x) = %x—2/3 and " not defined
N Ty S o + o+ o+t l ————— sign of £
S x)=—5x =03 From the sign diagram of : -
0

37.

f", we see that 1 is concave upward on (—oo, 0) and
concave downward on (0, co).

f) = @-x" 50 f/(x) = L@d-x)""2(=1) = -3 (4-x)""* and

1) =@ (=)=~ 7

1
W < 0 whenever it is defined, so f is concave downward on (—oo, 4).
—-X
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' 1
B.gr)=vr—2=x—-2"s0g @) =5 —-2)"andg" (x) =~ x —2) 7/ = TP which is
. _

negative for x > 2. Next, the domain of g is {2, 00), and we conclude that g is concave downward on (2, co).

d
v . © N, St _ =2
39. f1(x) = dr x-2)7 =—-(x—-2)""and F not defined
Fron=20-2"2 = ;. Thesign diagramof ~_  _ — ~ " ” |+ sinotf
x—2) i i > X
0 2
f"shows that £ is concave downward on (—oo, 2) and
concave upward on (2, 0o).
F+D@)—x (1) -2
40. g(x) = ,s0g (x) = = = (x + 1) and
E@) =g G+ 17 Grnz oY
gx)==2x+D=- 5. The sign diagram of ¢" not defined
@+D + + + l ——————— sign of g
g" (x) shows that g is concave upward on (—oo, —1) and X ; x
concave downward on (—1, c0). -1 0
/ d 2y~1 22 2y2
41, ' (x) = Zi;(2+x) = —(2+x%) " (2x) = —=2x (2+=x*) " and
- - - 2(3x% -2
1) ==224x2) 7 =2 (=) 24+x) 7 @) =22 +x7) 7 [- 2+ + 4x?] = %—2—)3—) =0if
2+x
x = :i:\/g = @ From the sign diagram of f”, we see that
+++ 0 - = - = = 0 + + + signoff”
i — _3@ ﬁ + + t
f is concave upward on ( 00, —% ) and ( T oo) and i : N x
3 3
V6 /6 ’
concave downward on (———3—, —3—)
14+ x2) (1) —x (2 1 —x2
42.g(x):%,sog’(x):( x)() 2X(X): x2
1+x (14x2) (1+x2)
) (1+2) (=20 = (1=2)2(1+x}) @)  —22(1+x) (1+x2+2-2%%)  2(3-x}
(142 (12)° (1+2)
The sign diagram for g” shows that g is concave downward
- —-——-0++0 - -0+ + + signofyg”
on (—oo, —ﬁ) and (O, «/5) and concave upward on , , : . x

(5.0) nd (5. ), R
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2 r—1@EH—-(1 221
h(t):-——,soh’(t)z( )()2 m_ ! 5 and
t—1 -1 -1
) = (-1 @-2)—(2-20)20—-1) (-1 =4+2-22+4) 2
B -1t B -1 -
The sign diagram of 4" shows that # is concave downward 1" not defined
on (—oo, 1) and concave upwardon (1,00). - - — _ - _ _ l + + + signofh”
t + 1
0 : 1
x+1 , -DO)-E+DHQ 2 oy
X) = ————, SO x) = = — ==-2(x-=1 and
f ) =00 () - T 26D
4 .
ST =E)E) =17 = G Mhesien £ ot defined
_______ M f 3
diagram of f* shows that f is concave downward on l T :gno d
(—00, 1) and concave upward on (1, co). 0 1

1 6

gx)=x+—=,50g (x)=1- 2x3and g” (x) = 6x~% = — > 0 whenever x # 0. Therefore, g is concave
X x

upward on (—oo, 0) and (0, c0).

hE)=—=@¢—-2)"2500 () =20 -2 and " () = =6 (r —2)~* < 0 for all » # 2. Thus, & is concave
downward on (—o0, 2) and (2, co).

g =t —-HP sog (=L@ -4 ©2) =% -4 and
g ) =—8@-H3P= “Sa—ah The sign " not defined
+ 4+ o+ — — —  signofg"
diagram of g” shows that g is concave upward on (—o0, 2) T T l ilgn o
and concave downward on (2, c0).. 0 2
2
=@ —=2"s0f/ ) =2x-=2"Pand f' (x)=—2(x -2y} =——— <Oforallx #£2.
. ’ 9(x —2)*?

Therefore, f is concave downward on (—oo, 2) and (2, c0).

F(x)=x3—=2,50 f' (x) = 3x% and f" (x) = 6x. f" (x)
is continuous everywhere and has a zero at x = 0. From the

————— 0+ + + + + signofy”

X

sign diagram of f”, we conclude that (0, —2) is an 0
inflection point of f.

g (x) =x3—6x,50 g (x) = 3x%> —6and g’ (x) = 6x. Observe that g’ (x) = 0 if x = 0. Because g” (x) < 0 if
x < 0and g” (x) > 0if x > 0, we see that (0, 0) is an inflection point of g.

f(x)=6x3-18x*+12x —20,s0 - - __ 0 + + + signoff’
' (x) = 18x% — 36x + 12 and = = > X

£ (x) = 36x — 36 = 36 (x — 1) = 0 if x = 1. The sign 0 !

diagram of f” shows that f has an inflection point at

(1, —20).
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52. g(x)=2x3 —3x2 4+ 18x —8,s0g’ (x) =6x2—6x +18 _ _ _ _ _ _ _ 0 + + + signofg"
and g’ (x) = 12x — 6 = 6 (2x — 1). From the sign diagram t : > x
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0 2

of g”, we conclude that (%, %) is an inflection point of g.

3,4 3 — 1943 2 — 262 _ —0ifr — 2
f&x)=3x"—4x" + 1,50 f/ (x) = 12x” — 12x* and f" (x) = 36x* —24x = 12x 3x —2) =0 ifx =Oor .
These are candidates for inflection points. The sign diagram + 4+ 40— —— 0+ + + signoff”
of f” shows that (0, 1) and (%, ;—;) are inflection points of (") % i
f.

f ) =x%=2x3 46,50 f (x) = 4x3 — 6x2 and

’ . ) + 4+ +0—-—=—-0+ + + signoff”
7 (x) = 12x* — 12x = 12x (x — 1). f” (x) is continuous X
everywhere and has zeros at x = 0 and x = 1. From the 0 1
sign diagram of f”, we conclude that (0, 6) and (1, 5) are
inflection points of f.

2

g =1"5,s0g (t) = Lr?¥and g" (t) = —417/* = ——=. Observe that = 0 is in the domain of g. Next,

YETER
since g” () > 0if7 < Oand g” (f) < 0if # > 0, we see that (0, 0) is an inflection point of g.

Fx)y=x1550 f'(x) = 3x7¥5 and f" (x) = —5kx ™ = — Observe that f” (x) > 0ifx < 0 and

25x95°
S (x) <0ifx > 0. Therefore, (0, 0) is an inflection point,

S =@&—-1342,50 f'(x) =3 (x - 1)>and f” (x) = 6 (x — 1). Observe that /" (x) < 0ifx < 1 and
J"(x) > 0ifx > 1 and so (1, 2) is an inflection point of £,

4
fE == s0f N=3x-ad f" ()= (x-2)721 = m x =2 is a candidate for
¥ —
an inflection point of f, but f” (x) > 0 for all values of x except x = 2 and so f has no inflection point.
2 - - ~
fx) = 52 = 2(1+x2) ' so fl(x) = =2 (1+x2) 2(x) = —4x (1+x%) % and
- - - 4(3x2 -1
f7(x)=—4(1 +x?%) 2 _4x(=2) (1+x?) ox) =4 (1+x2) ’ [ (1+x?) +4x?] = ——(%, which is
1+x
continuous everywhere and has zeros at x = :I:@. From
+++0--- == 0 + + + signoff”
the sign diagram of f”, we conclude that (—@, %) and . . ; x
B 0 ]
! 3 3
(%, %) are inflection points of £
3 ! 3 1 » 6 " H 3
f@=24+—,s0f"(x)= ™) and f" (x) = ek Now f” changes sign as we move across x = 0, but x = 0 is
X

not in the domain of f and so f has no inflection point.

f(x) = —x?+2x +4,s0 f' (x) = —2x + 2. The critical number of f is x = 1. Because f” (x) = —2 and
S" (1) = =2 < 0, we conclude that f (1) = 5 is a relative maximum of f.
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gx)=2x>43x+7,50g (x) =4x +3=0ifx = —3 and this is a critical number of g. Next, g (x) = 4, and
sog’ (——) =4 > 0, Thus, ( f,:, 487) is a relative minimum of g.

f(x) =2x>+1,50 f' (x) = 6x*> = 0 if x = 0 and this is a critical number of f. Next, f” (x) = 12x, and so
/" (0) = 0. Thus, the Second Derivative Test fails. But the First Derivative Test shows that (0, 0) is not a relative
extremum.

g (x) =x° —6x,50 g’ (x) = 3x% — 6 = 3 (x* = 2) = 0 implies that x = &=+/2 are the critical numbers of g. Next,
g" (x) = 6x. Because g” (—\/f) = —6+/2 < 0and g” («/5) = 6+/2 > 0, we conclude, by the Second Derivative

Test, that (—ﬁ, 4«/5) is a relative maximum and (ﬁ, —4«/5) is a relative minimum of g.

fx)= %x3 —2x2 —5x — 5,50 f'(x) = x? —4x — 5 = (x — 5) (x + 1) and this gives x = —1 and x = 5 as
critical numbers of f. Next, f” (x) = 2x — 4. Because f” (1) = —6 < 0, we see that (—1, —1) is a relative

maximum of f. Next, /" (5) = 6 > 0 and this shows that ( 1§5) is a relative minimum of f.

f(x)=2x>4+3x2 = 12x — 4,50 f' (x) = 6x2 + 6x — 12 =6 (x? +x — 2) = 6 (x +2) (x — 1). The critical
numbers of farex = ~2andx =1. f"(x) = 12x+6 =6 (2x + 1),50 f"(-2) =6(—4+1)=—18 < O and
S (1) = 6(2+1) = 18 > 0. Using the Second Derivative Test, we conclude that f (—2) = 16 is a relative

maximum of f and f (1) = —11 is a relative minimum f.
9 9 2-9 (@+3)(-— ‘
g)=t+ I’ sog' ()=1- 7="g ( + 12( 3 , showing that ¢ = £3 are critical numbers of g. Now,
18
g" (t) = 1873 = — . Because g" (-3) = —— < 0, the Second Derivative Test implies that g has a relative

maximum at (-3, -—6) Also, g" 3) = 73 0 and so g has a relative minimum at (3, 6).

F @ =243t 50 f'(t) =2 —3t72. Setting /' (f) = O gives 3t™2 =2 0rt? = 3,501 = :t\/g are critical

numbers of 7. Next, we compute f” () = 6/#>. Because [ (—\/%') < Oand f* (\/%') > 0, we see that
VA (— %) =2 % - 3\/2 is a relative maximum and f (\/g) = 2\/§ + 3\/%‘ is a relative minimum of f.

I-nO)-x(=D _
(1 —x)? (1—x)?

is never zero. Thus, there is no critical number and

S =0 () =

f has no relative extremum.

2% x2 +1)(2) — 2x 2x 2 (1 —x?
2o = D=0 _ 2029
+T (2 +1) (2 +1)
if x = £1. Thus, x = =1 are critical numbers of f. Next,
G2+ 1)7 (=40 —2(1=xD)2(>+1) @x) _ 2x (> + 1) (=22 —2-4+44x%)  4x(x? —3)
2+ 1) (2 1) (1)

-2(—4 4(=2
2(3 ) =1>0and /(1) = %3—) = —1 < 0, we see that f has a relative minimum at

(—1, —1) and a relative maximum at (1, 1),

=0

fx) =

f1x) =

Because /" (—1) =
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16 16 2°+16 2(°+8 : .
71.f(t):t2—7,sof/(t)=2t+?2—= ; = (t2 ).Semngf’(t)=0glvest:—2
d 32
as a critical number. Next, we compute f* (1) = = @t+16) =2-3273 =2~ 5 Because
32
ff=2y=2- (—?) =6 > 0, we see that (—2, 12) is a relative minimum,

2 2
72, g(x)=x>+2,s0g (x) =2x — —5- Setting g (x) = 0givesx® = 1,orx = 1. Thus, x = 1 is the only critical
x x

4
number of g. Next, g” (x) = 2 + —. Because g” (1) = 6 > 0, we conclude that g (1) = 3 is a relative minimum of
x

g

s 1453 (1) —s5(29) 1 — 52
Bg©) = g s0g () = LEDsE) ; =
I+ (1+s2) (1+s2)
gives s = —1 and s = 1 as critical numbers of g. Next, we compute
v = +52)° (20— (1-5)2(145Y) @) _ 25 (1+5) (F1-5"~2427) 2(°=3)
g (s) = = = . NOw
(1+s2)° (1+s2)° (14
g (== % > 0,and so g (1) = —% is a relative minimum of g. Next, g” (1) = —% <0andsog(l) = % isa
relative maximum of g.
d ~1 ) 2x
. = —(1+x)7 = = (1+x%) " (2x) = ————. Setti
74, g’ (x) o (1+x%) (1+x%)"(x) 0 +x2)2 etting
g (x) = 0 gives x = 0 as the only critical number. Next, we find
2
1+x)° (=2)+2x @) (1+x?) 2x)  —2(1+x2) (1 4+x*—4x? 2(1—3x2
o L D@ 140 2042 (Lt ma?) | 2023
(1+x2%) (1+x2) (14x2)
g" (0) = —2 < 0, we see that (0, 1) is a relative maximum.

4 x =1 (4x3) —x* (1) dxt—4x —x* -4 S Gx-—
75.f(.x)=-—)—€-—,50f/(x):( )( )2 (): ul xzx = d );=X(x ;)_Thus’x:O
x—1 x—=1 x-1 -1 x—-1

and x = g— are critical numbers of f. Next,
2 2 4 3
7 = (x = 1)? (12x% = 124%) — (34x -4 Q) x =1
x=1

=D (12xf =120 —12x% 41267 - 6x* 1 827)

B x —1)*

C6x? —16x° +12x2  2x% (3x° — 8x +6)

G N R L
Because f” (%) > 0, we see that f (5‘3!) = % is a relative #'not defined
minimum. Because f* (0) = 0, the Second Derivative Test tH0 - - l - 0 + + signoff
fails. Using the sign diagram for f” and the First Derivative 6 1 % !

Test, we see that f (0) = 0 is a relative maximum.
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x? , (1+x2) 2x) — x% (2x) 2x
2% ;e = (1 +x2)2 N (1 +x2)2'
Setting f' (x) = 0 gives x = 0 as the only critical number of f.
(1+x)°@-22@ 1+ @) 201+ [1+2) -4?]  2(1-3x?)
(1+x)" - 1+’ RSO
£ (0) =2 > 0, we see that (0, 0) is a relative minimum.

76. f(x) =

so since

Jx) =

71, 78 79. A

]

/
S~

0"2‘\; o/"z" / 01\/}

(Graph is not unique.)

80. y 81. y 82.

y.
1 61
1 J
4
24
-1 -4 1

-1 1 74 >

> N > x
-1 0 1 x i 0 3 X ]

-7 5

83. a. N'(z) is positive because N is increasing on (0, 12).
b. N” () < 0on (0,6)and N’ () > 0 on (6, 12).
¢. The rate of growth of the number of help-wanted advertisements was decreasing over the first six months of the

year and increasing over the last six months.

84. a. Both Np (¢) and N3 (¢) are increasing on (0, 12).
b. N{ (t) < 0and Ny (t) > 0 on (0, 12).
¢. Although the projected number of crimes will increase in either case, a cut in the budget will see an accelerated
increase in the number of crimes committed. With the budget intact, the rate of increase of crimes committed will

continue to drop.

85. f (1) increases at an increasing rate until the water level reaches the middle of the vase (this corresponds to the
inflection point of f). At this point, f (z) is increasing at the fastest rate. Though f (¢) still increases until the vase
is filled, it does so at a decreasing rate.

86. The behavior of f (¢) is just the opposite of that given in the y Concave up
solution to Exercise 85. f (¢) increases at a decreasing rate until

the water level reaches the middle of the vase (this corresponds to
the inflection point of f). After that, f (r) increases until the vase

is filled and does so at an increasing rate (see the figure).

Inflection point

Concave down
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87.

88.

89.

90.

91.

92.

d 0.1849
a. f'(1) = = (0.43199%) = (0.432) =97 = is positive if # > 1. This shows that £ is increasing for 7 > 1,

1057

and this implies that the average state cigarette tax was increasing during the period in question.

d - _ 0.105393

b. f/(t)= = (0.1849:70-57) = (0.1849) (—0.57) =157 = —— T
increase of the cigarette tax is decreasing over the period in question,

is negative if ¢ > 1. Thus, the rate of the

C'(x) = L (1910557172 4 42.9) = —1.72(1910.5) x %7 = —3286.06x~>72, so
dx

8938.0832
272

per-mile cost of driving a 2012 medium-sized sedan decreases as the number of miles driven increases, but at a

C” (x) = —2.72 (—3286.06) x %7 = . C" (x) > 0 for x > 0 and, in particular, for 5 < x < 20. The

decreasing rate.

d
a. A ()= 7 (0.012414t2 +0.7485¢ + 313.9) = 0.024828¢ 4 0.7485 > 0.024828 (1) + 0.7485 = 0.773328, so

A’ (¢) is positive for ¢+ > 1. Therefore, 4 is increasing on (1, 56), showing that the average amount of
atmospheric carbon dioxide is increasing from 1958 through 2013.

d
b. A" () = %A’ o = = (0.024828¢ + 0.7485) = 0.024828 > 0, showing that the rate of increase of the amount

of atmospheric carbon dioxide is increasing from 1958 through 2013.

s = f(t) = —13 + 541 + 4801 + 6, so the velocity of the rocket is v = f7 () = —3¢> 4 108¢ + 480 and its
acceleration is a = f” (t) = —6¢ + 108 = —6 (+ — 18). From the sign diagram, we see that (18,20310) is an
inflection point of /. Our computations reveal that the

+ + + + 0 — — — — signoff”
£ : > 1

0 18

maximum velocity of the rocket is attained when ¢ = 18.

The maximum velocity is
1 (18) = —3(18)? + 108 (18) + 480 = 1452, or
1452 ft/sec.

a. D (1) = 0.0032¢3 — 0.0698¢2 + 0.60487 +3.22,0 < ¢ < 21, 50 D' () = 0.0096/ — 0.1396/ + 0.6048 and
D" (¢) = 0.0192¢ — 0.1396. Setting D" () = 0 gives

t ~ 7.27. From the sign diagram for D", we see that the T 0 sign of D

‘ ; } >t
graph of D is concave downward on approximately (\) ~797 2’1

(0, 7.27) and concave upward on approximately (7.27, 21).

b. The inflection point of the graph of D is approximately (7.27, 5.16). The U.S. public debt was increasing at a
decreasing rate from 1990 through the first quarter of 1997 (approximately), and then continued to increase, but
at an increasing rate, from that point onward.

Note: In Exercise 4.1.85, we showed that D is increasing on (0, 21).

£ () = —0.00044017 4 0.007¢2 4 0.112¢ + 0.28, so f' (1) = —0.0013203¢? 4 0.014¢ + 0.12 and

F" (1) = ~0.0026406¢ + 0.014. Setting f” (t) = 0, we find 1 &~ 5.302. We see that /" () > 0 on
approximately (0, 5.3) and /" () < 0 on approximately (5.3,21), so ¢ &~ 5.3 gives an inflection point of

f. £(5.3) & —0.0004401 (5.3)> + 0.007 (5.3)> + 0.112(5.3) + 0.28 & 1.00, so the point of inflection is
approximately (5.3, 1). We conclude that the death rate from AIDS worldwide was increasing most rapidly around
March of 1995, At that point the rate was approximately 1 million deaths per year.
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93. a. f () = —0.083r> 4 0.6> + 0.18¢ + 20.1, so at the beginning of 1960, the median age of women at first

9.

9s.

96.

97.

98.

marriage was f (0) = 20.1. In 2000, it was f (4) = —0.083 4 +0.6(4)* +0.18(4) +20.1 = 25.1, and in
2001, it was f (5) = —0.083 (5)3 + 0.6 (5)> 4 0.18 (5) 4 20.1 =~ 25.6.

b f' (1) = —0.083 (3r2) + 0.6 (2¢) + 0.18 = —0.249% + 1.2¢ 4 0.18, 50

1.2
FU) =—0249(2)r + 1.2 = 1.2 — 0.498¢. Thus, f” (t) = O when ¢ = 0498 & 2.41, Therefore, the median

age was changing most rapidly approximately 2.41 decades after the beginning of 1960; that is, early in 1984,

a. R (x) = di (—0.003x> + 1.35x2 + 2x + 8000) = —0.009x? + 2.7x +2; R” (x) = —0.018x + 2.7. Setting
X

R" (x) = 0 gives x = 150. Because R” (x) > 0ifx < 150 and R” (x) < 0ifx > 150, we see that the graph of
R is concave upward on (0, 150) and concave downward on (150, 400), so x = 150 gives an inflection point of
R. Thus, the inflection point is (150, 28550).

b. R" (140) = 0.18 and R” (160) = —0.18 This shows that at x = 140, a slight increase in x (spending) results in
increased revenue. Atx = 160, the opposite conclusion holds. So it would be more beneficial to increase the
expenditure when it is $140,000 than when it is $160,000.

d 0.5612
a. A (1) = = [0.92 ¢+ 1)0.61] = 0.92(0.61) (t + 1)—0.39 = m > 0 on (0, 4), so A4 is increasing on
(0, 4). This tells us that the spending is increasing over the years in question.

0.218868

(t + 1)].39
This tells us that the spending is increasing but at a decreasing rate.

b. A” (t) = (0.5612) (—0.39) (t + N1 = < 0 on (0, 4), so A” is concave downward on (0, 4).

P () =1 — 9% 4 40t + 50, s0 P’ (f) = 3¢% — 18t + 40 '
and P” (t) = 61 — 18 = 6 (¢ — 3). The sign diagram of P” : o 0 T T flgno”y
shows that (3, 116) is an inflection point. This analysis 6 3 ;g :

reveals that after declining the first 3 years, the growth rate
of the company’s profit is once again rising.

a. P (1) = —0.00733313 + 0.91343¢2 + 8.507¢ + 439, so P’ (t) = —0.021999¢> + 1.826867 + 8.507.
Setting P’ () = 0 and using the quadratic formula, we find
. T1.82686 + V/(1.82686)% — 4 (—0.021999) (8.507)
2 (~0.021999)
has no critical number on that interval. Since P’ (1) = 10.31 > 0, we see that P/ (f) > 0 on (0, 31). We conclude
that the number of people aged 80 and over in Canada was increasing from 1981 through 2011.

~ —4.42 or 87.46. Both roots lie outside (0, 31), so P

b. P (1) = —0.043998¢ + 1.82686. Setting P” (¢) = 0 and solving, we ﬁﬁd t =~ 41.52, which lies outside the
interval (0, 31). Because P” (1) = 1.782862 > 0, we see that P” (¢) > 0 for all ¢ in (0, 31). Therefore, P’ is
increasing on (0, 31). We conclude that the population of Canadians aged 80 and over was increasing at an
increasing rate from 1981 through 2011.

a. R(f)=—0.20% 4 1.6412 + 1311 +3.2,50 R’ (r) = —0.612 + 3.28¢ + 1.31 and R (r) = —1.21 + 3.28.

—3.28 +/(3.28)% — 4 (—0.6) (1.31) N
2(—0.6) ”
roots lie outside the interval (0, 4). Because R’ (0) = 1.31 > 0, we conclude that R’ (r) > 0 for all ¢ in (0, 4).

b. Setting R’ (r) = 0 and solving for 7 gives t =

—0.374 or 5.840. Both
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99.

100.

101.

102.

. Setting R” () = 0 gives —1.2¢ 4-3.28 = 0, s0 ¢ = 2.73.

a.

4 APPLICATIONS OF THE DERIVATIVE

o di ; . + ++ +0 - - i i
From the sign diagram, we see that R has an inflection + 0 , signof R
. > |

point at approximately (2.73, 14.93). This says that 0 ;2'73 4
between 2004 and 2008, Google’s revenue was increasing
fastest in late August 2006.

—

a. P'(1) = % (445607% — 8939472 + 2346331 4 273288) = 133680r> — 178788 + 234633. Observe

that P’ is continuous everywhere and P’ (#) = 0 has no real solution since the discriminant
% — dac = (—178788)? — 4 (133680) (234633) = —93497808816 < 0. Because P’ (0) = 234633 > 0, we may

conclude that P’ (¢) > 0 for all ¢ in (0, 4), so the population is always increasing.

b. P" () = 267360t — 178788 = 0 implies that = 0.67. The —0 + + + + + sign of P
sign diagram of P”shows that 1 = 0.67 is an inflection [t 1> ¢
point of the graph of P, so the population was increasing at 0 zg - 4

the slowest pace sometime during August of 1976.

D (1) = D2 () — Dy (r) = 0.035¢% + 0.211¢ + 0.24 — (0.0275¢2 + 0.081¢ + 0.07) = 0.0075¢2 + 0.13¢ +0.17,
so D' (1) = 0.015¢ 4+ 0.13 > 0.13 for 0 < ¢ < 3, showing that D is increasing on (0, 3). Thus, the projected
difference in year ¢ between the deficit without the $160 million rescue package and the deficit with the rescue

package is increasing between 2011 and 2014,

b. D" () = 0.015 > 0 on (0, 3), and so D is concave upward on (0, 3). This says that the difference referred to in

part (a) is increasing at an increasing rate between 2011 and 2014,

A (D) = 1.09741% — 0.0915¢%, s0 A’ (1) = 3.2922¢% — 0.366¢> and A” () = 6.5844 — 1.098¢2. Setting 4’ (t) = 0,
we obtain 1% (3.2922 — 0.366¢) = 0, and this gives f = 0 or t ~ 8.995 &~ 9. Using the Second Derivative Test,
we find 4”7 (9) = 6.5844 (9) — 1.098 (81) = —29.6784 < 0, and this tells us that ¢ ~ 9 gives rise to a relative
maximum of 4. Our analysis tells us that on that May day, the level of ozone peaked at approximately 4 p.m.

a. N' ()= % (—0.9307t3 + 74.04¢% + 46.8667¢ + 3967) = —2.7921¢% 4 148.08¢ 4 46.8667. N'is continuous

—148.08 = /(148.08)% — 4 (—0.9307) (46.8667)
everywhere and has zeros at 1 = 2 (—2.7921)

,that is, at 7 = —0.31 or

53.35. Both these numbers lie outside the interval of interest. Picking r = 0 for a test number, we see that
N’ (0) = 46.86667 > 0 and conclude that N is increasing on (0, 16). This shows that the number of participants

is increasing over the years in question.

d
b. N (t) = = (—2.7921¢2 4 148.087 + 46.86667) = —5.5842¢ + 148.08 = 0 if # ~ 26.518. Thus, N” (¢) does
not change sign in the interval (0, 16). Because N” (0) = 148.08 > 0, we see that N’ (¢) is increasing on (0, 16)

and the desired conclusion follows,




103.

104.

105.

106.

107.

108.

109.

110,
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d
a. R ()= T (0.00731¢* — 0.1747% + 1.528:% + 0.48¢ + 19.3) = 0.02924¢* — 0.522/% + 3.056¢ + 0.48

and R” (1) = 0.0877212 — 1.044¢ + 3.056. Solving the equation R” (f) = 0, we obtain

= 1.044 = v/(—1.044)%> — 4 (0.08772) (3.056)
2 (0.08772)

From the sign diagram of R”, we see that the inflection

points are approximately (5.19, 43.95) and (6.71, 53.56). [

We see that the dependency ratio will be increasing at the 0

=~ 5.19 or 6.71.

+ 4+ + + + +0— sign of R”
!

1
1 s
greatest pace around ¢ = 5.2, that is, around 2052. =5.19

b. The dependency ratio will be R (5.2) = 43.99, or approximately 44.

True. If ' is increasing on (g, b), then — f” is decreasing on (a, b), and so if the graph of 1 is concave upward on
(a, b), the graph of — f must be concave downward on (a, b).

1
False. Let f (x) = x + — (see Example 2). Then f is concave downward on (—co, 0) and concave upward on
X

(0, 00), but f does not have an inflection point at 0.

False. If f (x) = x? — 1, then f is concave up on (0, 1), but g (x) = (x2 - 1)2 =x*—-2x2 + 1and
g (x)=12x> -4 <0on (O, @), so g is not concave up on (0, 1).

False. Take f (x) = x!/3 on (—1, 1). Then f is defined on (~1, 1) and f has an inflection point at (0, 0), but
2
F1(x) = 1x"2P and f" (x) = =2x753 = ——Z5=, s0 " (0) is undefined.
3 ox 05373

True. The given conditions imply that /' (0) < 0 and the Second Derivative Test gives the desired conclusion.

f (x) =ax?>+ bx +c¢,s0 f' (x) = 2ax + b and f” (x) = 2a. Thus, /" (x) > 0if a > 0, and the parabola opens
upward. Ifa < 0, then f” (x) < 0 and the parabola opens downward.

a. /' (x) =3x2, g (x) = 4x3, and A’ (x) = —4x>. Setting £/ (x) =0, g’ (x) = 0,and #' (x) = 0 givesx =0 asa
critical number of each function.

b. £ (x) = 6x, g’ (x) = 12x2, and h" (x) = —12x2, so that £ (0) = 0, g” (0) = 0, and 4” (0) = 0. Thus, the
Second Derivative Test yields no conclusion in these cases.

¢. Because f/(x) > 0 for both x > O and x < 0, /' (x) does not change sign as we move across the critical number
x = 0. Thus, by the First Derivative Test,  has no extremum at 0. Next, g’ (x) changes sign from negative to
positive as we move across 0, showing that g has a relative minimum there. Finally, we see that 4’ (x) > 0 for
x < Oand A’ (x) < 0 forx > 0, so / has a relative maximum at x = 0.




