132 3 DIFFERENTIATION

The Chain Rule

_ Concept Questions | page 194

1. The derivative of 4 (x) = g (f (x)) is equal to the derivative of g evaluated at f (x) times the derivative of f.
/ d n n—-1 7
20 )= /& =nlf®]" 1 &)

3. (go Y O =[(gof)®)] =& (f 1) f () describes the rate of change of the revenue as a function of time.

4. (f o g)’ () gives the rate of change of the air temperature.

Exercises | page 194

Lf@=@-1soffm=32x-12L@x-D=3-1?Q) = 6 (2x — 2.

2. /@) =1=0hs0 /@) =401-x° (1) =-4(1-x)’.

3. £ ()= (x2+2)7 50 £ (x) =5 (x2+2)* @x) = 10x (x2 +2)".

4. fO=20-1) 50 ()= ) (-1 (32) =302 (A - 1)*.

5. £ ()= (2x —x2), 50 £ (x) =3 (2x —x2)" & (2x —x2) =3 (2x —x2)’ 2 — 2%) = 6x2 (1 — %) 2 — )2
6. F) =30 -2 s0rm=03)@E -5’ @2-1)=123x2-1) (x> —x)°,
Tf@=Cx+DLsof==2@+D L+ D)=-2Qx+ D Q)=—42x+ 1)

3(144r)

8./ O=302+) "0/ (=3 (B @7 +0)7 @+ 1= 2240

9. f)=(2 =450/ ) =3 (2 =4 L (x2—4) =3 (x2 =4 2x) = 5x (x2 - 4)".

0. 70 =32 =2+ 1) 50 /=33 =2+ 1) (61 =2 =361 - 1) (32 =21+ 1),
| | ] j 3
11, f(x)=+/3x—-2=0x _2)1/2,SOf *) =%(3x -2 172 3) =_:23_(3x ~2) 172 _ .
12 7 ()= V3T =1 = (37 =) Ps0 11 () = (37 =) = 1) = T
t“—1

13. f(x)=v1—x2,50
£ == =117 P E (1= = § (1-2) 77 (29 = =3x (1 =577
—2x

3(1-x2)%

-2 —1/2

14, f(x) =v2xZ =25 + 3,50 f' (x) = & (262 =20 +3) 7% (4x —2) = @x = 1) (2x% = 2x +3)




3.3 THE CHAIN RULE 133

6
@x +3)*

15. f(x) = =2+ 0 () ==32x+3)* Q) =—62x+3)=—

@x +3)°

16. f(x) = (—z%l—f sof () =224 (2=1) =2 (2 - 1) @x) = —16x (x2 = 1)
2

1

17. f(t) = soff)=4@-4y"=-1@-93Q=-@ -4 =-

N/TEY Qr — 4%
! 1172 1 (9,2 3/2 2x

18. f(x) = =(2x2 -1 ,50 1 (x) = —4 (2x? — (4x) = — e,

m ( ) 2 ( ) (2x2 _ 1)3

1 - - -
19.y= @:.4___).375, so & = 4 (4x* 4 x) =3 (44 + ) 1653+ 1) = =3 (1627 + 1) (dx* +x) 72
XT 4+ X

20, £ () = ﬁ,so =44 0224+0)"P =42+ P @ =—t@w+1)er+0"

2. f(x)=(x2+2x+1) 7,50
Fe)=—206x2 42+ 1) L B2 42+ 1) =232 +2x + 1) (6x +2)
= —4(Gx +1) (352 +2x + 1),

2. £ ()= (53 +22 —14+4) 50 £/ () =3 (55 + 202 —14+4) " (152 + 41 —1).

23, f(x) = (2 +1)° - (x +1)%,50
L =30+ L 62+1) -2+ 1)L P +1)=302+1)° @) —2(x* +1) (352
=6x[(2+1)7 = x (¥ +1)| =6x (27 —x +1).

4. fO =@ -D'+ @+ Dhso ff()=4@ =1 @Q+4@+ 1)@ =8[@ — 1)+ @1+ 1)].
25. f()= ("~ —2) so f1(f) =3 (! )2 L' =) =3(" - 1“2)2 (=12 +2t73).
26. £ (0) = (073 +4072), 50 £/ (0) =3 (0% + 4072 (—30™% — 803).

27. f(x) = «/x+ + x = (x_|_1)1/2 + (x__ 1)1/2’ o
flx)= 2 x4+ 1D~ 1/2 ¢))] +3 (x -~ 172 =1 [(x + 1)~ 172 4 (x — 1)—1/2]‘

28. f(u) = Qu+ 1)3/2 + (uz _ 1)—3/2 s
fw=32u+1"2 @) -3@-1)" 5/2 Qu) =3 Qu+ D'/ = 3u (u? 1)_5/2.

29, f(x) =2x2(3 —4x)%, 50
f1(x) =2x2(4) B —4x)> (—4) + (3 — 4x)* (4x) = 4x (3 — 4x)% (—8x + 3 — 4x)
=4x (3 —4x)® (—12x +3) = (—12x) (4x — 1) 3 — 4x)°.
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30. h (1) =2 Bt + 4, s0
HEO)=20+4°+23)Br+4>@) =t @t +4H*[2(3t +4)+ 9] =t (151 + 8) Bt + 4.

31 f(x)=(x — 1> 2x + D% s0
@)=~ ])2 e (2x + D4+ 2x + l)4 (x = 1)> (by the Product Rule)

=w=-12@ @+ DL+ D+ + D Q=D E - 1)
=8 —1D2@x+ 1P +20x-D@x+ D =2x-D@x+1)> @Wxr—4+2x+1)
=60 —1)2x —1)2x + 1)°.

32. g (u) = (uw+ D2 (1 —2u), 50
g () =+ 12 8) (1 —2u?) (—du) + (1 - 2u)° (%) (u+ 1)~172
L G+ 1712 (1= 202) [64u @ + 1) = (1 = 2u2)]
(6% + 64u —1) (1 = 202)"  (2® 1) (66u? + 64u — 1)

2 /u+1 2/u + 1
3
33.f(x)—-( +3) $0
o x=3\ (243 G20 -x+3)D)
Fw= 3( )ch(x— )"3(x—2)[ o —2)? }
3( + ) [ ] _15(x+3)2
-2 x—2)? =2

5
34.f(x):(x+1) Sof/(x)_s(x:rl) {t(x_l)(l)_(x'f'l)(l)] _le+nt

1 (x — 1)? (x—1°
p 32
35.5(t) = ( ) , SO

2d ot Ny 3/t VT -t @
2t 1) dt(2t+l)_2(2t+l) [ Q1+ 1)? ]

I3

+

/ 172 1 3172
m+J [m+nﬂ“2w+um'

2 3/2
36. g(s) = (s2+—) = (s2+s-1)/, s0

><

-2
3

= o=

1\!/2
37.g(u)=(l;+ ) , SO

3u+2
,()__{ w1\ d (a1 1 w1 \PTGu+2) ()= @+ 1) @)
& ”'2(3u+2) du(3u+2)_§(3u+2) [ Gu +2) ]

1
T2Jut D) Gut 27




38.

39.

40.

41.

42,

43.
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2x + 1\ /2
e= ()"0
Lo 11\ (2x—1)(2)—(2x+1)(2):|_l w+1\P( 4
g(x)“E(Zx—l) [ @x -1 "2(2x—1) ( (2x—1)2)
2
T T )P ax = 1)
2
f (x) = (xT—"*l-)—Li', SO
d d
o (2= 1)° - %) = () - % - n* @ =Dten -2 @ -1)’ 2
x) = 472 - 2 _1)8
(62— 1)] (x*=1)
(2 =17 @) (2 —1-4?)  (=2x) (3% +1)
- x2—1)° N
2u?
glu) = (uz " u)3, S0
) = (w® + u)3 (du) — (2u?) 3 (u® + u)2 QRu+1)
g (u? + u)6
w20 =3uCut )] 2@ tu) 27 @t 2(ut 1)
B (2 +u)° T @ty derDt et
2 3
hix)= ((3x2 + 1)4 , SO
x2—1)
I )3 32+ 1) 6x) = (32 +1)° @) (x2 = 1)° 2x)
(x) - (x2 _ 1)8 :
a1 ER PR - 1) = 4B+ )] 2x (357 4 13) (a2 + 1)
B x2=1)* B x2=1)° '
@ =1
£0=Gryyr®
') = Gr+2*Q-1DQ@Q -2 -1 @Gt +2320Q)
W= (3t +2)%
4G+ @ = DB+ =3 =D] _ 4@ =1 (=30
- (3t +2)% T @Br+2
VI +1
Sx)= %, 0
P = (x*=1) (%) @x + D712 (2) — 2x + D)2 (2x) e 1)-172 [(x2 —1) - @x+ 1) (20)]

@1y
3x2 4+ 2x + 1

V(2 —1)2

(2= 1)°
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2 +2t+4 p+4
p= 0 =500 and R(p) = 1000 (£22). We want
84.p = £ () (t2+4t+8) and R (p) (p+2) e wan
dR _ dR dp AR _ 1000[(P+2)(1)—(1;+4)(1)} __ e
dt dp dt dp (p+2) (r+2)

P 4ar+8) (2 +2)— (242t 4+4) (21 + 4 1
d_p=50(+ +8) (2t +2) (+2 +)(+): 00t(t+4).Whent:2’
dt (2 + 4t + 8)

(12 + 41 +8)°
4+4+4 dR 2000 100z (t + 4
p=50(—i——i—)=30,an = t+9

2000  100(2) (6)
TIEIE 5= 5 > - 5 2%—5.86;that
+8+ ! (P+2° (P+4r+8)|_, (27 ¢“4+8+9

is, the passage will decrease at the rate of approximately $5.86 per passenger per year.

85. True. This is just the statement of the Chain Rule.
86. True. 4 [ (cx)] = f' (cx) Zid,? (ex) = f(cx) - c.

87, True, v = £ 0] =4 ] 710 = 7

88. False. Let f (x) = x. Thenf(%) = % andso /' (x) = —xiz. But /' (x) =1, s0 f” (%) =1

89. Let f (x) = x'/" so that [ f (x)]" = x. Differentiating both sides with respect to x, we get n [ f (x)]"_1 frxy=1,

1 1 1 1
so f' (x) = = = —x{/M=1 a5 was to be shown.

n [f (x)]n—l o [xl/"]"_1 = =m Ty

90. Let f (x) = x" = x™/" = (x")!/"  Then [ f (x)]" = x™. Therefore,

n [f (x)]n—l f/ (x) — % [f (x)]—n+1 xm—-l —_ _’:11 (xm/n)—n+1 xm=1 — _’nﬁx[lrz(—n+l)/n]+)n—-1
— ﬂx(m—n)/n — ﬂx(m/n)—l =px—1
n n

"' UsmgTechnologﬂ page 198
1. 0.5774 2. 1.4364 3. 0.9390

4. 3.9051 5. —4.9498 6. 0.1056

7. a. Using the numerical derivative operation, we find that N (0) = 5.41450, so the rate of change of the number of
people watching Tv on mobile phones at the beginning of 2007 is approximately 5.415 million/year,

b. N’ (4) = 2.5136, so the corresponding rate of change at the beginning of 2011 is expected to be approximately
2.5136 million/year.

8. a. 43.6 million b. 0.432745 million/year




