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The Product and Quotient Rules

’ _ Concept Questions . 1 page 181

1. a. The derivative of the product of two functions is equal to the first function times the derivative of the second
function plus the second function times the derivative of the first function.

b. The derivative of the quotient of two functions is equal to the quotient whose numerator is given by the
denominator times the derivative of the numerator minus the numerator times the derivative of the denominator
and whose denominator is the square of the denominator of the quotient.
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- Exercises | page 181

Lo f () =2x (x> +1),50 f/ () = 20 (x2+ 1) + (¢ + 1) & 2x) = 2x @x) + (2 +1) 2) = 6x% + 2.
2. f(x)=3x2(x = 1), 50 f/ (x) =362 (x = )+ (v = 1) & (3%2) = 3x% + (x — 1) (6x) = 9x% — 6x.

3.f(O=0¢—-1D@2t+1),s0
f’(t):(t—I)%(2t+l)+(2t+1)%(f——l)=(t-—l)(2)+(21+1)(1)=4t—-1.

4. [ (x) = (2x +3) 3x — 4),50
S O)=@+D LB -+ —DE @+ = +3) B+ Gr—4) () =12x + L.

5. /) =0Cx+1)(x*-2),50
FE=0C+DEE-2)+E?-2) £ Bx+1)=Cx+1) @)+ (x> =2) (3) = 9% +2x — 6.

6. f(x)=(x+1)(2x* =3x +1),50
FEO=6+DL 2 =3+ 1)+ 22 =3+ 1) LG+ D=0+1) @ =3+ (222 =3x +1) (1)
=4x? = 3x +4x =342 —3x+1=6x2 —2x —2=2(3x2 —x — 1).

7. f&x)=(>—1)(x+1),50
FEO=FE-DEE+D+E+DEE )= -1 )+ @ +1)(3x?) =4+ 322~ 1.

8. f (x) = (x* — 12x) (3x +2x), s0
1) = (¢* = 12x) £ (3x2 +2x) + (3x2 + 2x) & (x® — 12x)
= (x> — 12x) (6x +2) + (3x2 +2x) (3x* — 12)
= 6x* + 2x3 — 72x% — 24x + 9x* 4 6x3 = 36x% — 24x = 15x* + 8x® — 108x? — 48x.
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9. f(w) = (0P —w?+w-1) (w*+2),s0
d d
=W -uw +w—l)dw (w2+2)+(w2+2)%—(w3—w2+w-—-1)
= (0 = w?+w—1)Q2w) + (w? +2) Bw? - 2w +1)
= 2w* — 203 + 2w? = 2w + 3wt — 203 + W + 6w? — 4w + 2 = Sw* — 43 +9w? — 6w + 2.

10, () =33+ (32 +1) (32 —x — 1) + 28,50
S =x+ @+ @ =D +2x (2 —x =) =x*+2x7 = x> +2x — 1 +2x> - 2x? — 2x

=x44+4x3 —3x2-1.

I f(x) = (5x>+1) 24/ — 1), 50
fle) = (5x2+ 1) (2x12 = 1) + (212 - 1) (552 + 1) = (5x2 4+ 1) (x~12) + (2x1/2 = 1) (10x)

:5x3/2+x_1/2+20x3/2_10x: 25x —IOX»\/)—C-'*—].

Jx
12 f (1) = (1 + /1) (21* = 3), 50
£1@ =+ @+ 22 =3) (312) = a1+ 422 4 32 = 34712 = 5P g = 312
102+ 813/1 =3
==

1

w

.f(x):(x2—5x+2)( —%),so
f’(x):(x2—5x+2)%( —§)+(x—§)zid;(x2—5x+2)

(x2—5x+2)(x2+2)+( —2)@x -5 (P-5x+2) (x*+2) +x(x* -2) @x -5

- x2 x x2
x 4+ 2x2 —5x3 = 10x + 2x2 + 4+ 2x% — 5x3 — 4x2 +1Ox_3x4—10x3+4
x2 - x2 '

1

L

1 2 1
) = (x3+2x+1)(2+-§) =23 +4x +2+ x4+ =+ =, 50
X X

S 4523 oy
f1(x) = (Zx +5x+2_|. + )=6x2+5—-2—2_£3:6x +5x3 2x 2.
X X X
15. f (&) = —5,80 /" () = F=FM-OFe=-2 o0-1() 1
- - x —2)° T k=22 x-2)%
3 __d_ 3 i 2 2x+H00)-32) 6
1680 = 5 b @ (2X+4)+d (%) = @2x + 42 et Y
2x — 1
17. f(x) = E'E?
£ = @D EE-D-@-DLE+D) _20x+H-@-D@) __ 4

@2x + 1)? 2x +1)? T Ex+ 1)
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3 , A+30)(=)-(1-2)(3) -5
8. 70 = so.f1 () = (1+30)? (14307
1 (x? +x+2)(0)—(1)(2x+1) 2x +1
19. = 50 f' (x) = - .
ATt (2 +x +2)° (x2 +x +2)°
(u2+1)—d—(u)—u—g’— W’ +1)
20. f @) = —— 50 £ () = du___du _ @) -u@n  1-w?
(@ +1)° (W +1) @)
21, f(s) = 12_:14 S0
d
Py (s+1)——5(s —A) =T =) 6D @) - (P-4 ) 24244
’ (s + 1) - s+ 1) D
3
2. f(x)= 24_1,50
e G2+ D)L (P -2) - 3—2)%(x2+1)=(x2+1)(3x) (=2 @x) _x(*+3x+4)
(2 +1)° (62 +1)° @+1)°
EAL
23. f(x)= I
e PENEED ) E 2y ) () -6 ) e
(x? +1) (x2+1)
(') [+ 1) = 2+ D) 4¥2] 32 g
B (2 + 1) NI
X X
24, f(x) = N = iy S0

(x12 +2) (1)_x(%x—1/2) X2 g 1512 Li2gg L1244 JE+4

/(x — —_ — — .
PO ey S U R T
x2 42
25.f(x)—x—2~_|—_m,so
P = P+x+ 1)L (x2+2) - (2 +2) £ (x +x41)
(2 4+ x + 1)°
P E)- (@ +2) @+ 1) 2P =2 =P —dx -2 x2—2x -2
(2 +x +1)° (@2 +x+1)° (2 4+x+ 1)
x+1
AT
) @2+ 243 -G+ D@ +2) 2742 43 -4 - —dx -2 2 —dx+1

(2x2+2x + 3)2 (22 +2x + 3)2 B (22 +2x + 3)2‘
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GH+DE2+1) (P Hx2+x+1)

27, f(x) = o = Py , SO

(x—2)%(x3+x2+x+1)—(x3+x2—|-x+1)3d;(x—2)

f/(x): )

(x=2)
(x—2)(3x +20+1) = (P +x2+x+1)
x -2y
3x + 2%+ x —6x2—4x =2 x3—x2—x—1_2x3—5x2—4x-3
(x —2)° T x-2?

28. () = (35 -1)( —3‘1-) 0

1 1 1
f’(x)=6x(2——)+(3x2—1)(2x+ 2)—6)6 —646x7+3 -2 — = =12x - 2x -3 - .
x x x2 x2

1

29. f(x):x2x_4— xz +14"_‘X(x —(ij) 4;3‘( 2:)_51) Y CZ 3)82;2_24),50
f,(x)=(2—4)(x +4) L (x2 +8x — 4) — (x22+8x— 4) £ (x* — 16)
(2 =4)° (2 +4)
(x? —4) (x2 +4) 2x +8) — (x? + 8x — 4) (4x%)
) (62 =4)° (2 +4)°

2x + 8x% —32x — 128 — 4x — 32x* + 16x3

—2x% = 24x% +16x° — 32x — 128

(2 —4)? (x> +4)’ B

(x2 = 4)% (x2 + 4)°

30. f(x) = ii;/il_x
Gr = 1) (14 3V312) = (v +317) G)
S = 5
Gr - 1)
VA1 -T2 o3 -3YE 2 3B+ 2E 43
- @Bx — 1)? PN
3LAK) = f(x)gx),so ' (x) = f(x)g' (x) + f' (x) g (x) by the Product Rule. Therefore,

FO=fMg M+, Dg)=@ @)+ D (=) =8

32, h(x) = (x> +1)gx),s0 ¥ (x) =
H()=2¢1)+2e(D)=Q2)B)+2(-2) =2.

(x2+l)g’(x)+%(x2+1)-g(x)=

(x> + 1) g (x) + 2xg (x). Therefore,

33.h(x) = _)_c_f_g_c)_ Using the Quotient Rule followed by the Product Rule, we obtain
x4+ g (x)

W= EHEONEE/ @] =2/ @ g te®] _ [rte@]/ 0+ /@] -5/ @[1+¢ @]
[x+¢ (x)]2 [*+g (x)]2

Therefore,

vy LI O+ /D] -1+ W] _ 1= =1+ -2(1+3) =1-8 _

B (1) = . = 5 = -9

[1+eM)] (1-2) 1
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1 1 1 1 1 1 1
a. 7 = ;+5withq=2.5andp=50. Thus,—f = E+§—d =0.42,and so f = YY) ~ 2.38, or
approximately 2.38 cm.
1 1 1 1
bh.—=~—~4+—,50f= T 7T = Pq_ Differentiating with respect to p, we have
S p g LI AKX
r 9

2 2
- 2.
a = (P+a)q é’q O = ( q ) . When p = 50, we have a = (—5) 7 0.00227, or
dp (p+q) p+q dp 50425

0.00227 cm/cm.

False. Take f(x) = x and g(x) = x. Then f(x)g(x) = x?, s0
L/ @e@]=£ ) =24/ ®g©=1

True. Using the Product Rule, &= [xf (0)] = £ (0) & ) +x £ [f )] = £ 0) (D) + 2/ (x).

3 Y] 2
False. Let f (x) = x3. Then a4 [f(x)il 4 (x ) _d () =1 JTx) 3%
dx dx

- —_ = g-x
x2 dx \ x2 2x 2 2

True. Using the Quotient Rule followed by the Product Rule,

d d
i [f(x)g(x)j] B h(x) ax [f(x)g(x)] -/ x)gk) ax [ ()]
dx | h&x) |~ h ()2

_ [/ @eg@®)+ /g ®]=fx)eg®h )

[ @) '
Let f (x) =u (x)o (x)and g (x) = w (x). Then  (x) = f (x) g (x) . Therefore, &’ (x) = f' (x) g (x)+ / (x) g’ (x).
But /' (x) = u (x)v' (x) + ' (x)v (x),s0
B ()= [u@)o &) +u' x)o ®]gE) +u®)o ) v (x)
=u(x)o @) w ) +uE)o )wE)+u x)o ) wx).

Letk (x) = &
g)
fa+h)  f&)
. k+m)—k@x) _ g+h) g [E+hgr)—/)gk+h)
' h h hg (x + h) g (x)
b. By adding — f (x) g (x) + f (x) g (x) (which is equal to zero) to the numerator and simplifying, we have
k(x+h) —k@&x) 1 {[/(Hh)—f(x)] (x)_[g(x+h)—g(x)]f(x)]
h Tglx+ g h & h '

¢. Taking the limit and using the definition of the derivative, we find

kG +h) —k() _ [f' () g &) —g () f x)]

S -g® )

k' (x) = lim 5 5
h—0 h [g (x)] [g (x)]
{' Using Technology 1 page 186
1. 0.8750 2. 16.7980 3. 0.0774 4, —0.1314 5. —0.5000 6. 2.875

7. 31,312 per year 8. a. 20,790 b. 554 /year




