DIFFERENTIATION

Basic Rules of Differentiation

_Concept Questions | page 169

1. a. The derivative of a constant is zero.
b. The derivative of f (x) = x" is n times x raised to the (n — 1)th power.
¢. The derivative of a constant times a function is the constant times the derivative of the function.

d. The derivative of the sum is the sum of the derivatives.

2. . 1 () =2f (x),s0 i (2) =2f" (2) =2(3) = 6.
b. F' (x) = 3£ (x) — 4g' (x), 50 F' (2) =3/ (2) —4g' (2) =3 (3) —4(=2) = 17.

d
3.a. F'(x)= [af (x)+bg (x)] = ‘i [af )] +— [bg @] =af’ )+ bg' (x).
b )= [T 2 o) = L2

a

4. No. The expression on the left is the derivative at @ of the function f, whereas the expression on the right
is the derivative of the constant obtained by evaluating f ata. For example, if f (x) = x? and ¢ = 1, then

[f’ (x)] (@) = 2xl,=1 =2, but [f (a)] (12) =0.

“Exercises | page 169

Lfx=2%LE3)=0 2. f'(x) =& (365 =0.
3.1 () = &L (%) = 52t 4. f'(x) =4 (x7) =75

5 () =& (x31) = 31421, 6. f (x) =4 (x°%) =0.8x702,

7. £ (x) = £ (3x%) = 6x. 8 f (x) =4 (—2x%) = —6x2.

9, f/(r) =L (mr?) = 27, 10. '0) = & (3mr°) = 4mr2.

1. £ (x) = & (9x1P) = L (9)x(1/3=D = 3523, 12. fl(x)=4 (gx4/5) - (g) (g)x—l/s — %175,

B f 0 =& Bvn) =& (5 =307 =317 = 52

4. f () =& (%) =4 () ==L @Qu3? = -y,
113
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15 ' (0) = & (7x72) = (-12) (D) 571271 = —84x~ 13,

16. 1/ (x) = & (0.3x712) = (0.3) (-1.2) x 722 = —0.36x 722,
17. f'(x) = & (5x* = 3x +7) = 10x — 3.

18. f'(x) = & (¢ = 3x% + 1) = 3x2 — 6x.

19. /1 (x) = % (—x* +2x% — 6) = —3x2 4 4x.

2. £/ =& [(1+2:2)"+ 2% = e (1+ 4% 4 4x* +20%) = By + 1637 + 62 = 2x (82 + 3x +4).

21. f(x) = £ (0.03x% — 0.4x + 10) = 0.06x — 0.4.

22. f'(x) = £ (0.002x> — 0.05x% + 0.1x — 20) = 0.006x> — 0.1x + 0.1.
2x3 —4x% +3 d 3
23.f(x):~—;— 4x+—- so f'(x) = (2x —dx +3x7) =4x —4 - .
X
W2ty x—1 p
24.f(x):—-———)—c-———————zx2+2x+1—x“‘,sof’(x)=3;(x2+2x+1—x“1)=2x+2+x“2.
25. 1/ (x) = & (4x* = 3x52 4+ 2) = 16x% — Jx*2,
26. f'(x) = (5x4/3 2 3/2+x2—3x+1):%9x1/3—x1/2+2x—3.
27, ' _d 51 4_..2___5_2 8__3__'—5 8
) = (x4 ax ) = 5k 2 —8x == -
28. /()= g [-4 (72 = 26| = = (=357 - 6%) = 4 240,
16 2
2. =% (@t =33+u ) =165+ 0 -2t = 4 % - =
t t 5
30. 7 (6) = 2 (533 = 2672 —x=1 4 200) = —15x 4 4 4 p a2 =m0 4 b L
=@ * * - * TTAT T
5
_d 172y — 5.-1/2 _
3. f1(x) =4 (Bx = 5x12) =3 —35x /_3—2_:/—;'
2. /() =% 22+ %) =4t + 301,
33, 7' R NI Sy S S
J' ) = (Zx 3TP) =T T =
d (3 4 d 9 2
)= — =+ — = — (3x73 -1/2 gy 2 e
3. f'(x) T (x3+ﬁ+l) - (Bx +4x +1) 9x 4 —2x Rl X

35 f (x) = & (2% - 4x) = 632 — 4.
a f'(=2) = 6(=2)2 — 4 = 20. b f/(0)=60)—4=—4 ¢ f(2)=6@2)°—4=20.




36.

37.

38.

39.

40,

41.

42.

43.

44,

3.1 BASIC RULES OF DIFFERENTIATION 115

L) =& (@ 4223 fx) = sx A 4312

a ff@=5@O""+3D) P2 +1=50)" " +6+1=5@ Y +7=5V2+7.

b. £ (16) =5016)"/*+3(16)1/2 +1=104+124+1=23.

1+h)° -1
The given limit is £ (1), where f (x) = x>. Because f” (x) = 3x2, we have lim ath-1

hs0 R =/m=3

Lettingh = x —lorx = h+1and observing that # — O asx — 1, we find
x5 =1 ~ lim (h+1)5

lim = = f’(1), where f (x) = x°. Because f (x) = 5x*, we have /' (1) = 5, the
o1l x—1 h—>0
¥ =1
value of the limit; that is, lim =3.
x—1 x—1

3R+ -Q+h—10 AR IRV
h h—0 h

FC+h) - fQ=3Q+h>—Q2+h—[3@ —2]=3Q2+h)?— 2+ k) — 10. But the last limit is simply

3R+ —-2+h)—10
h

because

Let £ (x) = 3x% — x. Then lim
h->0

=11.

S (2). Because f' (x) = 6x — 1, we have f’ (2) = 11. Therefore, /lin%
g

—(1+0)? 1 1—(1+1)?
Write lim __Lz)_ = lim 5 - lim (40 . Now let f(f) = —%. Then
=0 (1419 =0 (141 0 t
1—(1+1)? 1+t 1
}in(l)——(—ti—)_ m f_(__‘_f‘)—f() = f'(1). Because f’ (t) = —2¢, we find f’ (1) = —2. Therefore,
- !—)

L 1=a +1)*
=0 ¢ (1+1)> =50 1+ [)2

=1 (=)=

f (x) = 2x? — 3x + 4. The slope of the tangent line at any point (x, f (x)) on the graph of £ is f (x) = 4x — 3. In
particular, the slope of the tangent line at the point (2, 6) is /' (2) = 4(2) — 3 = 5. An equation of the required
tangent lineis y —6 =5x ~2)ory = 5x — 4.

S = ——x +2x +2,50 f'(x) = ————x + 2. The slope is f (—1) = TO 2= 13—6, An equation of the tangent

lmelsy+§:?(x+l)ory=? —}—-3—

F ) =x*=3x34+2x2—x+1,50 f' (x) = 4x> —9x2 4+ 4x —1. Theslopeis /' (2) = 4 (2> -9 (2> +4(2)—1 =3.
An equation of the tangent lineis y — (1) =3 (x —2)ory =3x — 7.

&)=/ +1 /ﬁ . The slope of the tangent line at any point (v, /' (x)) on the graph of f is

1 1
’ 1x7VW2 = 1332 = —~ — —— TIn particular, the slope of the tangent line at the point (4, 3} i
fx)= 53X N AN n particular, the slope of the tangent line at the poin (,2)15

= % - 11—6 = 13—6. An equation of the required tangent line is y — % = % x—4ory= 13—6x + ;17-.
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45, a. f'(x) = 3x2. Atapoint where the tangent line is horizontal, b. y
J (x) =0, or 3x2 = 0, and so x = 0. Therefore, the point is 10
(0, 0).
-2 0 2 x
—10

46. f (x) = x> — 4x2,50 f’ (x) = 3x2 — 8x = x (3x — 8). Thus, f’ (x) = 0 ifx = 0 orx = §. Therefore, the points
are (0, 0) and (g, -%).

47. a. f (x) = x> + 1. The slope of the tangent line at any point c. y
(x, f (x)) on the graph of f is f' (x) = 3x%. At the point(s)
where the slope is 12, we have 3x% = 12, s0 x = £2. The 29
required points are (—2, —7) and (2, 9). 2 x

b. The tangent line at (—2, —7) has equation
y— (=7 =12[x — (=2)], or y = 12x 4 17, and the tangent
line at (2, 9) has equation y — 9 = 12 (x — 2), or
y=12x — 15,

48, f(x) = %x3 +x2 —12x 4+ 6,50 f/ (x) = 2x% +2x — 12,

a f'(x) = —12 gives 2x2 + 2x — 12 = —12,2x% + 2x = 0, 2x (x + 1) = 0; thatis,x = O orx = —1.
b. f'(x) =0gives 2x% +2x —12=0,2(x2 +x —6) =2(x +3) (x —2) = 0,and sox = -3 orx =2.

e fl(x)=12gives2x2 +2x — 12=12,2 (x> +x —12) =2(x + 4) (x —3) = 0,and sox = —4orx = 3.

49, f(x)= ;i—x4 - %x3 —x2,50 f' (x) = x> —x% — 2x.

a. [ (x) = x> —x% —2x = —2x implies x> — x> = 0,50 x? (x — 1) = 0. Thus,x = Oorx = 1.
fM =W =1@®* -2 =-B and £ (0) = ; 0)* — } (0)* — (0)2 = 0. We conclude that the

corresponding points on the graph are (1, —%) and (0, 0).
b, f'(x) =x3—x?—2x = Oimpliesx(xz—x—-Z) =0, x(x=2)(x+1) =0, and so
x=020-L f0)=0/Q=1@*-1@-@*=4-%-4=-% and
f=H= % (=4 - % (-3 = (=1’ = % + % -1= ——157. We conclude that the corresponding points are
©,0), (2,—%), and (~1,~%).
¢ f'(x) =x3—x%—2x = 10x impliesx®> —x2 — 12x = 0,x (x? —x = 12) = 0, x (x —4) (x +3) = 0,
sox =0,4,0r=3. f(O)=0,f@) =3@*-1@°-@)?=48-% =%, and
f(=3)= }1 (—=3)* — % (=3)® - (=3)? = % +9-9= %. We conclude that the corresponding points are (0, 0),

(4, 83—0), and (—3, 54—1)
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74. a. Atany time ¢, the function D = g+ fats, D (¢) = (g + f) (t) = g (¢) + f (), gives the total population aged
65 and over of the developed and the underdeveloped/emerging countries.
b. D) =g®)+ f() = (O.46t2 + 0.167 + 287.8) + (3.567t +175.2) = 0.461% + 3.727¢ + 463, so
D' (t) = 0.92t + 3.727. Therefore, D' (10) = 0.92 (10) + 3.727 = 12.927, which says that the combined
population is growing at the rate of approximately 13 million people per year in 2010,

—0.0002¢2 +0.032¢ +0.1 if 0<r <5
75.a GO =JO)-N@)= 0.0002¢> — 0.006¢ +0.28 if 5<¢ <10
—0.0012¢2 +0.082¢ — 0.46 if10 <t <15
b. In 2008, where ¢ = 8, the gap is changing at a rate of
G'(8) = [;;1, (0.0002t2 — 0.006f + 0.28)],=8 = (0,0004: — 0.006)],~g = —0.0028; that is, the
gap is narrowing at a rate of 2800 jobs/yr. In 2012, where ¢ = 12, the gap is changing at a rate of
G’ (12) = [ & (—0.00127> 4 0.082¢ — 0.46)] _,, = (—0.00247 + 0.082)|,~12 = 0.0532; that is, the gap is

increasing at a rate of 53,200 jobs/yr.
76. True. a [2f ) —5g )] = 4 27 ®] - 4 [Sg )] =2/"(x) —5¢ ().
dx dx dx
77. False. f is not a power function.

h3__3 3 2 3 2 3_ .3 h32 3xh h2
78.i(x3)=lim__-—(x+) AN S 0 ke e TN G L il

dx h—0 h h=0 h h=0 h
= lim (3x% 4 3xh + ") = 3x2,
h—0
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1.1 2. 3.0720 3. 0.4226 4. 0.0732 5. 0.1613 6. 3.9730
7. a. 400 8. a. 200
600
350 T
400
200
300 T
— 0 Attt
0 1 2 3 4 0 2 4 6 8 10 12
b. 3.4295 parts/million per 40 years; b. 42,272 cases/year

164.239 parts/million per 40 years




