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16. a. y = 44,5601 — 89,3941% 4 234,633¢ 4-273,288. c
! VAU)
b. 1.5e+6 0| 273288
le+6 1| 463,087
2] 741,458
Se+5
‘ 3| 1,375,761
0 } ;
0 1 2 3
17. a. f(£) = —0.0056¢ + 0.112¢> 4+ 0.51¢ + 8. 18. a. f (1) =023 —0.45¢2 4+ 1.75¢ + 2.26.
b R e e e b s T
]0—/— 10 1 -+
[
5T T 51 T
0 e 0 ettt
0 1 2 3 4 5 6 0 1 2 3 4 5
¢ C.
t 0| 3 6 t 1 |2 |3 4
f@) | 8] 104139 f(®123]38|56]|89]149
19. a. 1 (f) = 0.00125¢* 4+ 0.0051¢3 c

t o |1 |2 [3 |4 |s
F@O[1.71]1.81]1.85(1.84|1.83]1.89

b. 2 ———f—t t et
" ‘ * i d. The average amount of nicotine in 2005 is

f (6) = 2.128, or approximately

—0.024372 4 0.129¢ + 1.71.

2.13 mg/cigarette.

20. A4 (f) = 0.0000081407* — 0.00043833¢> — 0.00013057% + 0.02202¢ + 2.612.

Limits
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1. The values of f (x) can be made as close to 3 as we please by taking x sufficiently close to x = 2.

2. a. Nothing,. Whether £ (3) is defined or not does not depend on lim3 I ().
pd

b. Nothing. ]im2 Jf (x) has nothing to do with the value of f atx = 2.
x—
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3.

4,

5.

2 FUNCTIONS, LIMITS, AND THE DERIVATIVE
i 224+ 1) = li lim (2x2 + 1 Rule 4
a lim % (20% 1) = lim, (V) lim (2x* 1) (Rule )
= V4[2(4)? +1] (Rules 1 and 3)
= 66

2 3/2 2x2 5 3/2
b. lim (g-x—”—ﬁ) = (lim -¢> (Rule 1)

x—o1 x4 41 =1 xt 41
241 72
= _i_~+—5 (Rules 2, 3, and 5)
1+1
=432 =3
0 -9
A limit that has the form lim G = —. For example, lim ad .
x=ag(x) O =3 x—3

li)m f (x) = L means f (x) can be made as close to L as we please by taking x sufficiently large.
X [o ]

lim f(x) = M means f (x) can be made as close to M as we please by taking negative x as large as we please
X——00

in absolute value.

Exercises | page 115

1.

2.

xgn—lzf (x) =3

lim £ () =2.

lim £ () =3.

. lim1 f (x) does not exist. If we consider any value of x to the right of x = 1, we find that f (x) = 3. On the other
X=

hand, if we consider values of x to the leftof x = 1, f (x) < 1.5, so that f (x) does not approach a fixed number as

x approaches 1.

. lim f(x)=3.
x—=—2

. lim fx)=3.
xX—=-2

. The limit does not exist. If we consider any value of x to the right of x = —2, f (x) < 2. If we consider values of x
to the left of x = —2, f (x) > —2. Because f (x) does not approach any one number as x approaches x = —2, we
conclude that the limit does not exist.

. The limit does not exist.

x 1.9 | 1.99 1.999 | 2.001 | 2.01 2.1
fx) | 461 | 49601 | 49960 | 5.004 | 5.0401 | 5.41

lim (x? +1) =5.

x-2




10.

11,

12.

13.

14.

15.

16.

17.

2.4 LUMITS
x 0.9 | 0.99 0.999 1.001 1.01 1.1
F®) ] 0.62 | 0.9602 | 0.996002 | 1.004002 | 1.0402 | 1.42
lim (2x2—1) = 1.
Jim (2x* 1)
x —0.1 | —0.01 | —0.001 | 0.001 { 0.01 | 0.1
x| -1 -1 -1 1 1 1
The limit does not exist.
x 0.9 0.99 0999 | 1.001 | 1.01 | 1.1
fx)| -1 -1 -1 1 1 1
The limit does not exist.
x 0.9 0.99 0.999 1.001 1.01 1.1
f () | 100 | 10,000 | 1,000,000 | 1,000,000 | 10,000 | 100
The limit does not exist.
X 1.9 1.99 1.999 | 2.001 | 2.01 | 2.1
fx) | =10 | —100 | —1000 | 1000 | 100 | 10
The limit does not exist.
X 091099 0999 | 1.001 | 1.01 | 1.1
F(x)| 292992999 | 3.001 | 3.01 | 3.1
2
-2
fim X F*¥ =2 _ 5
-1 x—=1
x 0910991099 | 1.001 | 1.01 | 1.1
fx)y i1 1 1 1 1 1
-1
lim X = 1.
xolx —1
y 18. y
4
1 2 x AN N
-2 ¥ 2 4 8 x

Jin /@)=

o

lim /() =2.

69




70 2 FUNCTIONS, LIMITS, AND THE DERIVATIVE

19.

21.

[
=y

o L

lim f () =0,

23. lim 3 =3.
x—2

25, lim x = 3.
x—3

27. lim (1 =2x?) =1-2(1) = -1
x—1

29. lim1 (2x3 —3x2+x+2) =21 =312 +1+2
X

31

33.

35

37.

39.

=2.
Clim (257 = 1) Qs+ 4) = (-1 (4) = —4.

o 221 2@ 41 S
=2 x+2 242 T 4

. Iirrlzx/x+2:«/2+ =2.
X

= /171 =34/19.

m Y H8 VD748 VO
xo—1 2x4+4  2(=D+4 2

lim_ VIFEXZ =V2(=3)* + (3> = /162 + 9
Xy

3
=3

20.

22.

24,

26.

28.

30.

32.

34.

36.

40.

A

-2 -1 0 1 2 3

=

lim / (x) = 0.

lim -3 = -3,
x—-2
lim —3x = —3(—=2) = 6.
x——2
lim (42 =2t +1) =432 —2(3) + 1 = 31.

t—3

lim (4x5 —20x2 + 2x + 1)
x—=0

=407 -2002+20)+1=1.
lim (x* +1) (x* = 4) = (2> +1) (2 —4) =0.

lim #*+1 P+l 2 1
=128 4+2 0 2(13)+2 4 2

Iim2 SxF 2= F2=~/-8= =2,
xX——

. j2x*+4 [2(8)+4
. lim = =2.
=2V %241 441

x/x2 47 3432 4+7 12

lim = =4,

32 —2x+3 20)-v23) +3 3




4. lim [£ () - g @)] = lim £ () = lim g ) 42.

=3—-4=~1

43. lim [2f ) -3g )] = lim 2.7 (x) — lim 3g (x) 44,

=2(3)—3(4) = —6.

45, }Lma«ﬂ—g x) 2,31’}1,‘/‘_122' 46.
2 — —

47, fim ¥ —gx) 28 - 2 1

a f(x)g () (©1C)) 12 6

2.1 -1 1

09 im = o EZDEED ey s

x-1 x — x—1 x—1 x—1

=1+1=2.
2. -1

51, lim = = 1im 2T i -1y 52,

x—0 X x—0 X x—0

=0—-1=-—1.
2 _ ' _

53, fim Y2 _ g FFNE=3) 54,

x==5 X+ x— -5 x+5

= lim (x —5)=—10.
x— -5

55, lim does not exist. 56.

x>l Xx —

2, _ _

57, fim *— 6 x=3)x+2) x=3

x52x24+x=2 so2@x+2DE—-1) xo-2x—1

48. lim

2.4 LIMITS 71

lim [£ (6)g ()] = lim £ () lim g (x) =34

=12.

xligbs/sf(x)ﬁg(x)z3/5(3)+3(4):3/2_7=3.

gX)—f(x) _4-3 1

x.—mf(x)—l—«/—g(x) T 342 5

Loxr—4 L k=2 (x+2)
hm = hm _—
x-=2x+2

x——2 x+2
= lim x-2)=-2-2=—4,
x—>—2
22 -3 2% —3
fim 273 gim 223 i 2 - 3)
x—=0 x x—0 X x>0
= -3,
lim +1 does not exist.
b—>-3b+3
2
lim + does not exist.
x—2 X -
-2-3 5
-2-1 3

3 -2) (22 +2z+4
8. tim 8 _ ji G2 2HE) (P +2:44)=242Q) +4=12,
=2 z-2  z=2 z—2 232
- - 1 -1 1 1
59, tim Y=L gy YL VAL X = lim ==
x>l x — =1 x—1 Jx+1 x-—)l(x—l)(«/)?-l—l) =lx+1 2
x—4 x—4 Jx+2
60. li . =li 2=242=4
xmﬁ—z v—r&ﬁ—z Jx A2 xg)nttﬁ_i- +
x—1 x—1 1 1
61. li = 1i = 1 = -
X Fx2—2x ,v}—rfl]x(x—l)(x+2) x1~+mlx(x+2) 3
—x2 — — — (=2
62. lim o 2 x)(2+x): 2 x___2 ( 2):1'
x5—22x2 +x3 52 xZ2(24+x) x—-2 x2 (=2)?

63.

xl_l)rgo f (x) = oo (does not exist) and x—l}Too f (x) = oo (does not exist).
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64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

2 FUNCTIONS, LIMITS, AND THE DERIVATIVE

lim f (x) = oo (does notexist) and lim f (x) = —oo (does not exist).
X500 X—r—0Q
xll)rrolcf(x) =0 and xl;rzloof(x) =0.

Xll)ngof(x) =1 andx_lgr_noof(x) =1

Hm f (x) = —oo (does not exist) and lim f (x) = —oo (does not exist).
X—00 X——00

lim f(x)=1and lim f(x)= oo (doesnot exist).
X200 X——00

f&x)= 51
x 1 10 100 1000 x -1 -10 —100 —1000
f(x) | 0.5 |0.009901 | 0.0001 | 0.000001 S (x) | 0.5 {0.009901 | 0.0001 | 0.000001
Ji 76 = Tim_769 =0,
2x
/)= x+1
X 1 10 100 1000 X -5 =10 | —100 | —1000
f(x)y i1} 1818 | 1.980 | 1.998 Fx) 2522222020 2.002
Vll)n;of (x) = x—l}Toof ) =2
f(x)=3x3-x2+10.
X 1 5 10 100 1000
Fx) | 12 ] 360 | 2910 | 2.99 x 10° | 2.999 x 10°
X -1 -5 -10 -100 —1000
_ f@x)| 6 | =390 | —=3090 | —3.01 x 10° | —3.0 x 10°
lim f (x) = oo (does not exist) and lim f (x) = —oo (does not exist).
X—=00 X— 00
_ Xl
fw==
X 1110} 100 X -11 -10 | -100
S| 1] 1 1 f@ | -1} =1 —1
xli)rrgof(x) =1 and xl)ulloof(x) =-1
34 2
lim 2F2 g —x 23,
X500 X =5 X—00 5 1
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1
TR B Al o .
74, lim = i = —0o; that is, the limit does not exist,
x——00 x +2 x> —00 2
1+ =
x
3+ ! + !
33 +x2 41 > a3
75, lim X H1_ x_x_ 3
xo—c0  x3 41 X——00 1
I+ —
x
2 3 n 1
2x2 4+ 3x +1 1T 37T 4
76, lim = Ly 22w xt
xX—>00 x4—x2 x—»00 1
1-=
X
x4_|_ X+—3
77. lim 3 = lim X~ — —oo; that is, the limit does not exist.
x—=—oa x° — 1 X——00 __L
%
4 3 + !
4x —3x2 41 2T a
78, lim 24+x3+x21' — = Jim — 2,
X o X joo]
o 24 -+=+=3+3
x
1 1 4 1 1
5_ .3 - — = —
— -1 3 5 6
79, tim T XXl 2 2 x% x0
x=00 x0 4 2x2+1 X000 2 1
I+ —=+—=
X X
2 1
2 s
-1 3
80. l_l)m——3—2—)f——-§——1= lim —£ X 0.
X o ¢ X200
x>+ x4+ 1+_+_§
X x
. . 0.5(50) L.
81. a, The cost of removing 50% of the pollutant is C (50) = 10050 = 0.5, or $500,000. Similarly, we find that the

cost of removing 60%, 70%, 80%, 90%, and 95% of the pollutant is $750,000, $1,166,667, $2,000,000,
$4,500,000, and $9,500,000, respectively.

0.5x

.
<100 100 — x
remove almost all of the pollutant.

= 00, which means that the cost of removing the pollutant increases without bound if we wish to

82. a. The number present initially is given by P (0) = 5-0 = 8. ec. P
500 i
b. Ast approaches 9 (remember that 0 < 7 < 9), the denominator 400 h
approaches 0 while the numerator remains constant at 72. 200 :
Therefore, P (f) gets larger-and larger. Thus, 200 ;
2 i
lim P () = lim 72 0. 100 ;
=9 599 —t !

ol 2 4 6 8 10 r(mo)




74 2 FUNCTIONS, LIMITS, AND THE DERIVATIVE

2500

83. lim C (x) = lim 2.2+ —— = 2.2, or $2.20 per DVD, In the long run, the average cost of producing x DVDs
X—00 xX—00 X

approaches $2.20/disc.

0.2¢
84. lim C () = lim = lim
100 D241 5 + 1

eventually decreases to zero.

= 0, which says that the concentration of drug in the bloodstream

120 120 (2)2 120 (3)?
85.a.T(1)= 44 = 24, or $24 million. T (2) = ———g(——)— = 60, or $60 million. 7 (3) = 1; ) = 83.1, or
$83.1 million.
20x? 120 ‘
b. In the long run, the movie will gross lim * _ lim = 120, or $120 million.
s x2 44 xoc 4
I+ —
X
Lo 200
86. a. The current population is P (0) = T 5, or 5000.
25 125 200
2512 + 125¢ + 200 o T2
b. The population in the long run will be lim Sl el s im R SRR 25, or 25,000.
f— 00 12 + 5t + 40 t—>00 5 40
14 7 + 7

87. a. The average cost of driving 5000 miles per year is

2410
Cc5)= 515% +32.8 &~ 137.28, or 137.3 cents per

mile. Similarly, we see that the average costs of driving
10, 15, 20, and 25 thousand miles per year are 59.8,
45.1, 39.8, and 37.3 cents per mile, respectively.

c. It approaches 32.8 cents per mile.

I
88. a. R(]) =
a. R(J) 772
I ol112|31]4]s
1 2 3 4 5
R0 5|10 |17
I
. lim R(/) = lim —— = 0.
b. lim R()= lim 3= =0
—1 ifx <0
89. False. Let f (x) =
. 1 ifx>0

90. True.

91. True. Division by zero is not permitted.

400

300

200

100

¢ C {cents per mile)

S 10 15 20 25 x(thousand
miles)

0.4

0.2

Then lin%) f (x) =1, but £ (1) is not defined.
x>




92.

93.

94.

95.

96.

97.

98.

2.4 UMITS 75

False. Let f(x) = (x —3)%> and g (x) = x — 3. Then lim £ (x) = 0 and lim g (x) = 0, but
x—3 x—3

2
lim S _ lim & —3)

= lim (x = 3) = 0.
-3 g(x) xo3 x-—3 x=3

e e . . X 3 ) X ) 3 2
True. Each limit in the sum exists. Therefore, lim + = lim -+ lim = -+
=2\x+1  x-1 x=2x+1  xo2x-—-1 3

exists.

False. Neither of the limits lim and lim
x-1x — x-31 X =

lim 5= im 5
x—=>o00 x + x—=00 1 4 5
constant g moles per liter per second.

= a. As the amount of substrate becomes very large, the initial speed approaches the

Consider the functions f (x) = 1/x and g (x) = —1/x. Observe that lin%) J(x)and lin}) g (x) do not exist, but
X—> X—
]irr%) [ f+g (x)] = lim0 0 = 0. This example does not contradict Theorem 1 because the hypothesis of
xX—= X
Theorem 1 is that lirr}) f(x)and Iirrb g (x) both exist. It does not say anything about the situation where one or both
X X—

of these limits fails to exist.

. . -1 ifx <0 1 ifx <0 . .
Consider the functions f (x) = and g (x) = Then lim f (x) and lim g (x)
1 ifx>0 -1 ifx >0 =0 x=0
do not exist, but lin%) [ fxg (x)] = Iirr%) (—=1) = —1. This example does not contradict Theorem 1 because the
x> x=

hypothesis of Theorem 1 is that limo f(x)and limo g (x) both exist. If does not say anything about the situation
X3 X

where one or both of these limits fails to exist.

1 1
Take f(x) = —, g(x) = —, and @ = 0. Then lim f (x) and lim g (x) do not exist, but
X X x—0 x—0
& o1 x2

lim ——= = lim — - — = lim x = ¢ exists. This example does not contradict Theorem 1 because the hypothesis
=0 g(x) x-0x 1 x-0

of Theorem 1 is that limO f(x)and lirr}) g (x) both exist. It does not say anything about the situation where one or
= pd

both of these limits fails to exist.
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7. €2 ~ 7.38906 8. In2 ~ 0.693147
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