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The Algebra of Functions
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_ Concept Questions

1. a. P (x1) = R (x1) — C (x1) gives the profit if x; units are sold.

b. P (x3) = R (x2) — C (x2). Because P (x2) < 0, |R (x2) — C (x2)] = —[R (x2) — C (x2)] gives the loss
sustained if x9 units are sold.

2. (f+ @) =) +8g&), (f -8 )= f () —g &), and (fg) (x) = f (x) g (x); all have domain 4 N B.

_I®
V18 @) =

b. f+2)@=/D+g@)=3+-)=L{[-9@D=/D)-g@)=3-(-2) =5,

has domain 4 N B excluding x € AN B such that g (x) = 0.

2 3 3
(1)@ =7 @g @) =3(-2)=—6.md (fl9) @)= L = 2 — 3
3ay=(+g@®=r)+gkx) b.y=(~-8()=/fx)—-g)
= ()W =/ 05 0 y=(£)e=-L2
g )

4, a. The domain of (f o g) (x) = f (g (x)) is the set of all x in the domain of g such that g (x) is in the domain of f.
The domain of (g o f) (x) = g (f (x)) is the set of all x in the domain of f such that f (x) is in the domain of g.

b. (g0 ) (2) =g (f (2)) = g (3) = 8. We cannot calculate (f o g) (3) because (f 0 g) 3) = f (g (3)) = 1 (8),
and we don’t know the value of f (8).

5. No. Let 4 = (~00,00), f(x) = x, and g(x) = 4/x. Thena = —1 is in 4, but
(g0 f) (1) =g(f (1)) = g (=1) = +/—T is not defined.

6. The required expressionis P = g (f (p)).
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LUf+9® =) +gx)=E+5)+x-2)=x+x*+3.

(- =/ ) —gx)=(P+5) - (x> -2)=x—x2+7.
3. fg(x)=f()gk) = (x*+5) (x2 —2) =x° — 2% + 5x% - 10.

4 gf ) =g () f () = (x? —2) (¥3 +5) =5 = 2x3 4 5% ~ 10,

fo_ f&) _ x+5
SR ey e f
p f—g(x)_f(x)—g(x) P45-(x2-2) ¥ —x247
" h T R 2x + 4 T 2x 44
7 f_g() fDg@ (P45 (7=2) _x’ -2 452210

hx) 2% + 4 N 2x + 4
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feh)=fx) g h(x)= (x> +5)(x2 =2) @x +4) = (x> = 2% + 552 — 10) 2x + 4)
= 2x% — 4x* + 10x% — 20x + 4x5 — 8x3 4 20x2 — 40 = 2x6 4+ 4x° — 4x* + 2x3 4 20x2 — 20x — 40.

(@ =fE)+e@ =x—1+/x+1

g—NE)=g@)—fH)=vx+1l-@x—-—D=+x+1-x+1

(@) =gk =x-1v/x+1 12. @H W) =¢g®) f®)=vx+1(x-1).

g, 8 x+1 ho o h(x) 2% -1

Z(x)_h(x)‘ExT‘-T 14.§(x)_g(x)_m,

Zg( _L ,x-{—l) 16 ﬁ()_(x—l)(2x3—l)_2x4—2x3_x+1

PR B B o vesn s B

f—h(x)_x—l—(2x3—1)_x—2x3 18 gh (x)__\/x+l(2x3—1)_«/x—|—1(2x3—1)
- Jx+1 VE Te—f MrFl—(x-=1 Srxt+l—-x+1

U+ @) =22 +5+ A =2=x+ /T +3, (=) () =22 +5— (Vr—2) =x> = /5 +7,
f x2+5

(fg) () = (x* +5) (vx —2), and (E) &) = N

F+@) =Vr=T+2+1L (-2 ) =vx~1-x" =1, (fg) (x) = vx =1 (x’ + 1), and

f _ax =1
(E)(x)"x3+l'

(=8 x) =~x+3 -

(f+g)(x)=\/m+xi = (x—l)‘x;r3+1

I G-Dv/x+3-1
1 x— X = )
(/&) (x)=«/X+3<;—i——) = xx_+3,and (g) =+ +3Ex-1).

-1 x—1

1 1

1 1 2 —14x241 2x2
f+gx) = o +x2—1 S EINES) @) o)

1 1 x2—-1-x%-1 2 1
(f—g)(x)=x2+l_x2—1:(x2+1)(x2—-1)=_(x2+1)(x2—1)’(fg)(x):———_(x2+1)(x2_1)’and

f _x2——1
(E)(x)_xhrl'
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x+1 x42 x+DE-D4+E+2)E—-1) x*2—x—-24x*4x-2
BU+W =13+ 75= =1 (x—2) ST G- -2
2% —4 2(x? -2
TG-DGE-2 G-DE-2’
x+1 x42 GE+DE=)-Ex+)E—1) x?—x—2—-x2—x+2

V=M =T"7-373= G-Dx-2) T G-D@x-2
_ —2x
T x=DE-2)’
G+ DGE+2) S\ GEDE=2)
(/e = (x—l)(x—z)’a“d(g)(x)“ G-DET2)

4. (f+2) ) =x+1+Vx+ L, (f—) ) =x>+1—-Vx+1,(fg) *) = (x> +1)¥/x +1, and

(o35

25 (fog)@) = fg() = f(3®) = () +22+1 =2 +2% + 1 and
€oN@=g(f @) =g +x+1)=(2+x+1)"

26. (fog)(x) = fgx) =3[g(x)]2+2g(x)+1= 3(x +3%4+2( +3)+1=3x2+20x + 34 and
@oNW=g(fGN=7FE)+3=3x2+2x+1+3=3x2+2x +4.

27. (fog)(x) = fg®) = f(x*—1) = VxZ—1+1 and
o NX)=g(f N =gWr+1)=(F+1) —1=x+2/5+1-1=x+2/%

28. (fog)(x) = f(@() = 24/g@) +3 = 247+ 1+ 3 and
oM =g ) =[f @ +1=02/F+3)" +1=4x+ 12,5 + 10,

2. (fog)(x)zf(g(x))=f(}c) =§+(;‘5+1) - L -

[

X — X —
1 VXFI+D I+
MrFl=1 Jx+14+1 x )

3.AQ) =g(f(2).But fQ)=22+2+1="7,50h(2) =g (7) = 49.

30. (fog)(x) = flglx) = f( : ) = xl and

o N =g(fGN=g(Vx+1)=

32.h2)=g(f@).But f @)= (22 =1 =315,50h @) =g (317) =3 (33’ +1=3(3) + 1 = 10.

33.h(2)=g(f(2).But £ (2) = 27231:7 = %,soh(Z):g(%) L _5*/5

4. h2Q)=g(f(2).But f(2) = le =Lsog(h)=12+1=2
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35, fx) =203 +x2 4+ 1, g (x) =x°. .36, f(x)=3x2—4,g(x)=x"3,

3. fx)=x2—1,g(x) = Jx. 38 f(x)=(2x—3),gx) =x2
2 _1 _ 2 _ L

39, fx)=x l,g(x)—x. 40. f(x)=x 4,g(x)—ﬁ.

41.f(x)=3x2+2,g(x)=x3%. 42. f(x):«/2x+l,g(x)=i—+x.

3. fla+h—f@=B@a+h+4—-Ca+4=3a+3h+4—-3a—4=3h
M. f@th—f@=-p@+mn+3-(-fa+3)=—fa-Ih+3+}a=3=-In
45. flat+th—fl@y=4—(a+h?—(4—a¥)=4—a>—2ah—h? —4+a® = —2ah — h> = —h (2a + h).

4. fla+h)—f@=[a+mn?*-2@+h+1]-(a*-2a+1)
=a?+2ah+h -2a-2h+1—a*+2a—1=hQa+h-2).

fla+h—f@ [@+m*+1]=(P+1) a+2ah+hP+1-a*—1 2ah+

47 ) h - h h
:-—————-—~h(2a+h)=261+h.
h
48 fla+h~f@ [2@+h?—(@+h+1]- (2 -a+1)
) h - h
2 2, _ _ 2 _ 2 __
:2a +4ah+2h* —a—h+1—-2a°+a 1:4ah+2h h:4a+2h—1.
h h
© fa+th~f@ [@a+h’—(@+m]-(®—a) & +3a*h+3ah>+h —a~h-d’+a
’ h B h - h
2 2 3
:3a h+3a2 +h h=3a2+3ah+h2—1.
50 fa+h—f@ [2@a+h’-@+h?+1]-Q2a—a>+1)
' h - h
_2a3+6a2h+6ah2+2h3—a2—2ah——h2+1—-2a3+az—1
- h
2 2 3 _ _ 12
:6a h+ 6ah -I—hZh 2ah —h 602 4+ 6ah + 242 — 2a — h.
1 1 a=(@+h
5. L@t -/@ _at+h a_ _a@th ___ 1
) h h h ala+h)
5 fla+h—f@ ~ath—+a vathtya _ (a+th—a _ 1
' h h Vax¥h+a h(Jath+Ja) Jath+Ja

53. F (r) represents the total revenue for the two restaurants at time ¢.




