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We want to maximize the profit function P (x, y) = 4x + 2y subject to the constraint g (x, ) = 2x2 4y — 3 = 0.

The Lagrangian function is F (x, y, A) = P (x,y) + Ag (xy) = 4x + 2y + X (2x2 + y — 3). To find the critical
Fr=444X =0

point of F, we solve the system 1 F, =24+ A =0 Solving the second equation yields A = —2,
Fy=2x>4y-3=0

Substituting this value into the first equation, we obtain x = "'I(éz—) = % Substituting this value of x into the

2
third equation in the system, we have y = 3 — 2 (1) = 3. Thus, the company should produce 500 type A and
q y 2 2 ty

2500 type B souvenirs per week.

Let the dimensions of the box (in feet) be x x y x z. We want to maximize f (x, y, z) = xyz subject to the constraint
g, y,z) =2x + y + 2z — 108 = 0. The Lagrangian function is 7' (x, y, A) = xyz + A (2x + y + 2z — 108). To

" ) Fy=xz4+Xx=0 2) L.
find the critical points of F', we solve the system Multiplying (1) by x
Fo=xy+2X=0 3)

Fyn=2x+4+y+2z2-108=0 (4)

xyz4+2xx =0 (5
xyz+Ay =0 (6)
A # 0, we see that y = 2x. Next, multiplying (3) by z, we obtain xyz + 2Xz = 0 (7). Subtracting (5) from
(7) gives 2\ (z — x) = 0, so z = x, and substituting y = 2x and z = x into (4) gives 2x + 2x + 2x = 108, so
6x = 108, giving x = 18. Thus, y = 2(18) = 36 and z = 18, and so the required dimensions are 18" x 18” x 36",

and (2) by y, we obtain [ Subtracting (5) from (6), we have A (y — 2x) = 0. Since

V = mr2¢. The constraint is 27 -+ £ = 130, so g (r, £) = 27r + € — 130. The Lagrangian function is
Fp=2mrf 4272 =0

F(r, €, N) = 7r2t + X (27 + £ — 130), so we solve the system § F; = mr2 + X =0
F=2mr+£—-130=0

The second equation gives A = —zr2, Substituting into the first equation gives 277¢ + 2m (—mr?) = 0,

so 2@r (£ — nwr) = 0. Because r # 0, we have £ = 77, which we substitute into the third equation to obtain

2wy +mr — 130 = 0, 37wy = 130, and so r = %. Therefore, £ = (@) = 1—:330-, or 43%". The volume is

3
2
2l =7 (130) (130) _ 2,197,000, or 2197.000 ;3

3 3 27w 27

We want to minimize the function C (», #) = 8nrh + 6mr? subject to the constraint 7r2h — 64 = 0.
We form the Lagrangian function F (r, h, X\) = 8mrh + 67r2 — A (wrzh - 64) and solve the system
Fo=8mh+ 12tr = 2Anrh =0
F/1=87rr—)\7rr2:0>
Fy=mr’h—64=0
Solving the second equation for A yields A = 8/r, which when substituted into the first equation yields

8
8mh + 12ntr — 27rh (—) =0, 1277 = 8wh,and h = %—r. Substituting this value of % into the third equation of
s

the system, we find 372 (%r) =64,r3 =12 sor =2 B andh =2] 18

3
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26. We form the Lagrangian function F (x, y, A) = xyz + A (3xy + 2xz 4 2yz — 36) and solve the system

27,

[ By =yz 430y +22z=0
Fy=xz4+3Xx+2Az=0 z
F,=xy+2Xx +2Ay =0
Fy =3xy+2xz+4+2yz—36=0

X
Muttiplying the first, second, and third equations by x, y, and z respectively, we obtain

xyz +3Axy +2Axz =0 )
1 xyz +3Xxy +2XAyz =0  Subtracting the second equation from the first and the third equation from the
xyz 42Xz +2Ayz =0

) 2Ax—y)z=0
second yields
Ax (3_)1 - 22) =0

Solving this system, we find that x = y and x = % y. Substituting these values into the third equation, we find that
32 42y (%) y+2y (%) —36 =0, and so y = +2. We reject the negative root findthatx =2,y =2,andz =3

provides the desired relative maximum. Thus, the dimensions are 2’ x 2’ x 3.

Let the box have dimensions x by y by z feet. Then xyz = 4. We want to minimize

C = 2xz +2yz + % (2xy) = 2xz + 2yz + 3xy. We form the Lagrangian function

Fe=2243y+Ayz=0

Fy=2z+4+3x+Xxz=0

F(x,y,z,A) =2xz 4 2yz + 3xy -+ A (xyz — 4) and solve the system
F,=2x+2y+Xxy=0

F A =Xyz — 4=0

2xz 4 3xy + Axyz =0
Multiplying the first, second, and third equations by x, y, and z respectively, we have | 2yz + 3xy + Axyz = 0

2xz 4+ 2yz + Axyz =0
The first two equations imply that 2z (x — y) = 0. Because z s 0, we see that x = y. The second and third
equations imply that x 3y —2z) =0orx = % y. Substituting these values into the fourth equation in the system,

2

we find y2 (% y) =4, s0 y3 = %. Therefore, y = 37 = %3/§, X = %3/5, and z = /9, and the dimensions (in
feet) are 2/9 x 2./5 x /9.
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Let x, y, and z denote the length, width, and height of the box. We can assume without loss of generality that the
cost of the material for constructing the sides is $1/ft>. Then the total cost is C = f (x, y, z) = 3xy + 2xz + 2yz.
We want to minimize f subject to the constraint g (x, y,z) = xyz — 12 = 0. We form the Lagrangian
Fe=3y+2z—Ayz=0
Fy=3x4+2z2—-2xz=0
=242y —Axy=0
Fy=xyz—12=0

Fx,y,z,\) =3xy +2xz + 2yz — A (xyz — 12) and solve the system

3y+2z 3x+2z
yz  xz
3x+2z  2x+2y
xz  xy

From the first and second equations, we find A = = 3xyz+2xz% =3xyz + 2y > x = y.

From the second and third equations, we have A = = 3x%y + 2xyz = 2x%z 4 2xyz =

z= % y. Substituting into the fourth equation, we have y () (% y) =12= )3 =8= y =2. Thus, x = 2 and

z = 3. The dimensions of the box are 2/ x 2/ x 3.

Let x, y, and z denote the length, wid{h, and height of the box. We can assume without loss of generality that the cost
of the material for constructing the sides and top is $1/ft*. Then the total cost is C = f (x, y, z) = 3xy +2xz +2yz.
We want to minimize f subject to the constraint g (x, y, z) = xyz — 16 = 0. We form the Lagrangian
Fo=3y+4+2z2—Ayz=0
Fy=3x+2z-2xz=0
Fo=2x+3y—-2xy=0
Fy=xyz—-16=0

Fx,y,2z,A) =3xy +2xz + 2yz — A (xyz — 16) and solve the system

3y+2z 3x+2z
yz  xz

. . 3 2 2x +2 :
From the second and third equations, we have A = B e NG Y y 4 2xyz = 2x%z + 2xyz =
xz xy

z= % ». Substituting into the fourth equation, we have y (y) (% y) =16=) = 33—2 =y= %«/3 36. Thus,
X = —32-\3/36 and z = /36, The dimensions of the box are %«/3 36 x —%—«3/36/ Y 36.

From the first and second equations, we find A = = 3xyz + 2x22 =3xyz + 2yz2 => x = y.

We want to maximize f (x, y) = 90x1/4y3/4 subject to x + y = 60,000. We form the

Lagrangian function F (x, y, \) = 90x/4y3/4 1 X (x + y — 60,000) and solve the system
F = 475)6“3/43/3/4 +A=0 45 i 135 0\ /4
F,=15x1/4y=1/44 X =0  Eliminating X in the first two equations gives — 4 -— = =0,

ryoo2o 2 \x 2 \y

Fy=x+4+y~—-60,000=0

SO 2 3 =0, and y = 3x. Substituting this value into the third equation in the system, we find x -+ 3x = 60,000,
x Y

so x = 15,000, and y = 45,000. Thus, the company should spend $15,000 on newspaper advertisements and
$45,000 on television advertisements.
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31.

32.

33.

34.

We want to maximize P (x, y) subject to g (x, y) = px 4+ qy — C = 0. First, we form the Lagrangian

Fx,y)=Px,)+ A(px +qy — C). Next, we solve the system Fy = P, +Ap =0, F, = Py + Ag =0,
P P

F» = px +qy — C = 0. From the first two equations, we see that A = —— = ——Z 50 if (x*, y*) gives rise
p q

P * * P * *

to a relative maximum value of P subject to the constraint g (x, y) = 0, then — (xp,y ) =X (xq,y ) or

Pm ) _p

Py (X*ay*) q

SHGLy) b b=1,1b

—————= ==, But f (x,y) = abx and

Jy (x*, %) q £ @) 4

o LGy abxtlyimh o bxly o by
Sy a(l—=bxby=t " 1-b  (1-b)x

A P Gl )Y i

(I=b)x* ¢ bq

(1 - b) pqx*
bq

= (1-b)p C (1-HC

bq P q
1-ncC

Using the result of Exercise 31, we have

. At the

fy (x,J’) = a(l - b)xby—b3

maximum level of production, . Substituting this into the equation

(1-b)p

px* 4+ qy* = C gives px* + 5

bC
= C, whence [p + }x* = C, so x* = — and thus
p

bC
. Thus, the amounts to be spent on labor and capital are — - p = bC and
p

g = (1 = b) C, respectively.

We want to maximize f (x,y) = 100x>/*y1/4 subject to 100x + 200y = 200,000. We form the
Lagrangian function F (x, y, A) = 100x>/4y1/4 4 X\ (100x + 200y — 200,000) and solve the system
Fo =75x"1/4p1/4% £ 100X =0
Fy, = 25x%/4y=3/4 1 2007 = 0 The first two equations imply that 150x~1/4y1/4 — 25x3/4y=3/4 = 0 or,
F5 =100x + 200y — 200,000 =0
upon multiplying by x1/4y3/4 150y — 25x = 0, which implies that x = 6y. Substituting this value of x into the
third equation of the system, we have 600y -+ 200y — 200,000 = 0, giving y = 250, and therefore x = 1500, So to
maximize production, he should buy 1500 units of labor and 250 units of capital.

We want to minimize C = 2xy + 8xz + 6yz subject to xyz = 12,000. We form the
Lagrangian function F (x,y,z, A\) = 2xy + 8xz + 6yz + A (xyz — 12,000) and solve the system
Fy=2y+4+82+Ayz=0
Fy=2x4+6z+Axz=0
Fr=8x+6y+xxy=0
Fy =xyz—12,000=0

Multiplying the first, second, and third equations by x, y, and z, we obtain

2xy +8yz+ Axyz =0
2xy +6yz 4+ Axyz =0  The first two equations imply that z (8x — 6y) = 0 so, because z # 0, we have
8xz+6yz+ dxyz=0

X = % y. The second and third equations imply that x (8z — 2y) = 0,s0x = % y. Substituting these values into the
third equation of the system, we have (% y) 62) (% y) = 12,000, so y* = 64,000 and y = 40. Therefore, x = 30 and
z = 10. The heating cost is thus C = 2 (30) (40) + 8 (30) (10) + 6 (40) (10) = 7200, or $7200, as obtained earlier.
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We use the result of Exercise 33 with P (x,y) = f (x,y) = 100x3/4y3/4 P = 100, ¢ = 200,
1/4
and C = 200,000. Here Py (x,y) = fx (x,») = 100 (%x-l/“yl/“) =75 (i—’) and
3/4 Pe (x,) 75 (v/x)M4 100
Py, ) = fy (x, ) = 100 ($x3/4y=3/4) = 25 (f) Thus, 222 - B ogyeg 2
y (%, 9) = fy x,) (4 Y ) ¥ Py5y) g g 25(x /)% 200
3y1/4y3/4 1 y

1
S S T g and y = %x, Substituting this into the constraint equation 100x + 200y = 200,000 yields
x1/4x x

100x + 22x = 200,000, 600x +200x = 12,000,000, and x = 1500, and so y = 132 = 250, Therefore, 1500 units
should be expended on labor and 250 units on capital, as obtained earlier.

We want to minimize C (x, y) = px + qy subject to P (x,y) = k. The Lagrangian is
Fr@x,y)=p+APx(x,y) =0
F(x,y)=px +qgy -+ X(P (x,y) = k). Wesolve the system 1 F, (x, ) =q + AP, (x,y) =0
Fxx,»)=P@,»)—k=0
P _ 4
Px(x:J’) Py(xa,V)

value of C subjectto Fy (x,y) = P (x,y) — k = 0, then we must have —

From the first two equations, we find A = — , soif (x*, y*) gives a relative minimum

P ___ 4
Px (X*>y*) Py (X*ay*)

, and so

Pe(x*,y") _p

Py (X*a y*) B E‘
We use the result of Exercise 36 with P (x,y) = f (x, ) = ax®y!=2. Here P, (x, y) = abx®~1y!=? and
Py (x,») abxb—1yl—b bx~ly by
P R frt 1 _— b b ~b, d frucad = =
y ) =a =0y s T a =By ? ~ 1-b ~ (—b)x

b 1-5)px
minimum cost, we have — Losoy= a=0px Substituting this into the equation ax?y1=b = £,

"U=-bx ¢’ bq

1-b 1—b 1=b
- 1— -
we obtain ax? [(1——;—)—&] = k, whence ax® [L_Z)_[_’)_E:] x1=t =k, ax [(l—bqbl—e} = k, and
q q

k[ bg 7 _(=bp k[ bg VP k[ bg TP _k[A-B)p]
“5[(1—b>p] YT Ty 'E[a—b)p] “E[U—b)p] ‘5[ bq ]'Thus’

3 b 1=t kgT1-b 7
x*p = w4 should be spent on labor and y*q = L p | should be spent on capital.
a |[(=-bp a | bg

. At the production level with

We use the result of Exercise 37 with ¢ = 100, b = 43, p = 100, ¢ = 200, and k¥ = 2000, and find that

., 2000 300 e o150 1/4_20 6 and yr = 2000 (25 3/4_20 (1)3/4 o
* =700 ) =\ ) T Y =T00 \1s0) TNs) S
1-2) (100)

3/4
he should spend 100 (20) (6)'/4 ~ 3130 (dollars) on labor and 200 (20) (%) ~ 1043 (dollars) on capital.

False. See Example 1.
False. See Example 1.

True. We form the Lagrangian function I (x, y, A) = f (x,y) + Ag (x,y). Then Fx =0, F}, = 0, and
Fy =0at (a,b) and f; (a,b) + Agy (a,b) = 0,50 fx (a,b) = —Agx (a, D), and f) (a,b) + A(a, b) =0, so
fy (a: b) = _'Agy (a’ b) and g (a: b) =0.
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42, True.

Double Integrals

Concept 'Quest,iohs; | page 630

1. An iterated integral is a single integral such as | : f (x, ) dx, where we think of y as a constant. It is evaluated as

follows: [ [ f (x,y)dA =de [fabf(x,y)dx]dy.
2 fof £ dd = [0 [E8) 7 p)dy]ax.

d |t
3. j [ fxyda= [ hﬁ&?f()t,y)dx] dy.
4. It gives the volume of the solid region bounded above by the graph of f and below by the region R.

fRff(xay)dA
Jefaa -

5. The average value is

 Exercises

L L fy o+ 20dyds = [ (3% +20) E:} de = [} (3 +20) dx = (g +7)]

page 631

P 537
1_ 272

[ 3]

X
xX=

P e aydrdy = [ (3624 2xy)‘ =2_1 dy=frle+a-(3-2)|a=f (3 +6r)ay

3 2
= (3r+3?)| =3+12=15.

W

y=1 1 1
SN nrdydx = [ %xy3’y=0 dx = [, Ixdx = %xZLI =i~ (é) =0.

a

o S (12207 + 8% dydx = f (4xp® +20*) )20 dx = Jj (32x +32)dx = (165 +32x) ) = 48.

2 r¢x 2 y=e 2 3 z 3 2 3 3 9
. ~d dx.-/ xInypP= dx-/xlne dx_/ 3xdx = 5x =2@)—-32(1)=2.
/_1/1 y ¢ 1 Yh=i -1 -1 2 ‘-1 1@z =7

1 p2 I x=2 1
6// xyzdxdy:/ [—( 4 Z)xz] dy:/ 0dy =0.
0o J2l+y o L2\1+y x==2 0

=1
PO, [ axe? dxdy = [°, e2x2+ylj=0 dy = % (™ —e¥)dy = (¥ —&)|), = (2 = 1) — (" —e7?)

wn

~

=2 —2+4+et=(2—1)(1—e72).

> ]

1 p2 1 1
e dray= [ oD av= [ (e re)dr= (2040,
0 J1 0 0

= (—2e'2 +e) = (—2+ 1) =22 +e+1.

o

fy [finydydx =[] (pny —»)PZ5 dx = fy dx = 1.
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o

1

24

1
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1
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BT s pdrdy = i (324w,

1 px 1 2 x
y 1( y
: dydx = | ={-2—
/)/ox3+2 v ax /0 2(x3+2)0

8.6 DOUBLE INTEGRALS

e ez e e
[ R avdy= [ tnyy ks dy= [2nydy =20y =)l =20 =)~ (<] =2
1 J1 1 1

1

o J¥ Gt 2ydyds = fj ey + )2y dx = fy 222 dx = §x3lo =3

1 1 y=x 1
Sy dyds = f) gt = o 3= ], =

0

479

fl 1 0x + 4y) dy dx _fl (2xy +2y )|y =5+ —f13 [2x(x+1)+2(x+1)2]dx=f13 (4x% + 6x +2) dx

- (jx +3x2 +2x)[1 =(36+27+6)—(§+3+2):l§§.

ST @=yydxdy = [F Qx =y S dy = 20 =») =y (=) = (=2+ )] dy

2
=R E-ty ) dy= (-2 + 1) =82 +i®) =}

=7
=0

2
1px? 2 9 _ 1237 1.8 11 19 o1 1y
o S ¥ ydyde = [y 37 dx= [y 3 (3 —al)dx =5 (gx7 — 3x)| =3(5- %) = ws-

y=x

4 =432 37212
BE vaxdy = F s v = /i Ray = -1 (3) 0= = L@ =4

0 ¥342

fo I 2xeydydx—f0 2xey|y_x dx—-fo1 (2xe* — 2x)dx = 2(x—1)ex—x2|é=(-—1)+2=1.

2 1
fof "oxdxdy = N 2]Xe dy = fo(4y_y2)dy=(%e4y_%y3)|0:%e4——%—%:%5(3e4—7).

1 ; 1 2 ! ] "
Jo [T yerdydx = = [ [T ye¥ dydx = [ (‘?y zex) y=v3

= —-% (xze"|(l) - Zfol xe¥dx — fol xe dx) = —% (xze"|(lJ — 3f01xex dx)

1
= =} (Pe" = 3xe" +3¢)| ==} -3e+3e—3)=}(C-e).

4 ST g2 4 _2 =Y 4 _p 2|t _
v axdy = 3 e T dy =y [y P dy = —he | = —d 1) = (1=
212
fo fhe dydx~f0 y/zey dxdy = foxe)’ a d ——f yer’ dy_4e)’ =%(e4—1)
X==¢
N5 pe ) dx dy = flnxyxlledy s e = 1) ydy = (e — 1) yl =L —1)(nxy?
2 rl x3 x3 112Xy=2x 15,2 %3 2,\'31 2
5 fy/zye a’xa’y:fO o ye“ dydx = [j 5 o0 dx = [y 2x°e" dx = ¢ | =5(—1).

dy = [y (1y+y3/2)dy= (%y2+%ys/z)ﬁ=4+§£_ _u

a2 [ 2 e I 12)] = Ln3—1n2) = b3
x—E —_— x—gn(x +2)10 g(n 1'12) 3 5.
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. -
26. V= [[pof (x,y)dA= [ [H6-y)dydx = [} [6y— %y2]y=0dx = [216dx =48

:(3) dy = Jj (122 + %y) dy

X
X ==

27. V:fé‘fo3 (4——x+%y)dxdy=fo4 (4x—-%x2+%xy)

4
- (epf-n
28. V= [2 [Fsdydx = [F syl dx =5 [ (4—2w)dx = 5 (4 —x2)[; = 20.

29, V = f02 f03—(3/2)z (6 -2y —32)dydz = f02 (6y — y* = 3yz) izg—(3/2)z dz

“R(-3) (-3 -3(-3)e] de=[2(-2) -3 (- 1) -3+ 3]

= (184 12) — (~18 +6) = 6.

fa—x2 y=afht
30. V= [fo f ) dAd =4[5 [V (4“x2‘y2)dydx=4f°2[4y_x2y_%y3]y=0 “

=4 [(4 —x)VE—x2 -1 (4 _x2)3/2] dr =8 [2 (22 _x2)3/2 dx.

Using a calculator to evaluate the last integral, we find that V' = 87 & 25.1327.

3.V =[[p f(x,p)dA= fol 02—2y (4—x%2—yYdxdy
X=2-2y

=k 6= -32]  "

= [ [@-»e-2-te-27]a

1
1
=k (37 -2+ ¥)ay= (B -+ )| = ¢

2
2V = [fy S )dd=f3 3 (4= drdy = [ [ = 42| ay = [ By =5
3.V =[[p fx,y)dA= foz foz 2e~*eVdxdy = f02 [—-2e"xe”y]i:§ dy = fg‘ (—2e2e™7 +2¢7) dy

2(e2—1)°

- e -2y = 2

12 1 1 2\ =2 1 1
34,V = [y [y 4—2x —y)dydx = (4y—2xy—§y )|y=0 dx = [y 8 —4x —2)dx = [ (6 —4x)dx

= (6x—2x))|,=6-2=4.
2
35. V= [2 [Z Qx +y)dydx = [} (2xy + %y2)|0x dx = [7 (4x? 4+ 2x%) dx = [} 6x2dx = 2x3|(2) = 16.

36. V= [} [ (x2+ %) dydx = [, (xzy + %y3)ljzz dx = [y (2x2 + %) dx = (%xz’ + %x)‘(l)

W

+

wjoo
w3
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y=—x+1 1

V = ﬁ)l ﬁ)—x+1 5ty dydx = fOl %ex+2yt dx = %fol (e-x+2 - ex) dx = % (_e—x+2 _ ex)

y=0 0

=l(~e—e+e?+1)=L(?—2e+1)=3(—1%

V= fo f 2xe dy dx = fo 2xe)’|y“2 dx = f02 (2xe? = 2xe*) dx = [e?x? =2 (x — 1) ex]g (by parts)
=4e? —2e? —2=2(e* - 1).
N

4 )2
[ = [ ]

V= J) [h2xPydydx = N x2y2|iz2 dx = [} (" =x8)dx =1~

4 x 4 1 1
dx:A g dx =i (1+x)]0=§(1n17—1n1)=71n17.

bl

~|—

A/ 16—x2 324
V= f T wdydx = [ RSO dn = [ 5 (16 -32) 2ax = (-1) (3) (16 -#7)” ]0
=116 =8
2 3
A=1 P Pex2Paxdy = [ %x3yzlody:§ 3 3 dy = %y4‘0 — 54

1
A= l—}zfolfg (x +2y)dy dx =2f01 (xy +y2)|3 dx =2f0I (x2+x2)dx =4f01x2dx= %x3lo= %.

The area of R is % (2) (1) = 1, so the average value of f is

1 p2— Y 1 1 1
o &y dy=f[ye-»-1r]dv=f @ -2 dy = (¥ -17)| =4
The area of R is %, so the average value of f is

2

1 _ L2 P 1 .2 _ _ 1_ 1 1
—2f foe Ydyabc—ZfO ylyzodx:2f0xexdx——e"o-—e +l=1-:.

The area of R is %, so the average value of f is

- 1
2f01 Jo xe¥ dydx :Zfol xeyli:;dx=2f01 (xe* ——x)dx:Z(xe" —e* —%xz)'o :2(e—e—%+1) = 1.

By elementary geometry, the area of the region is 4 + % (2) (4) = 8. Therefore, the required average value is
=2, 3
A= %fﬁ fozx Inxdydx = %ff (lnx)yly: dx = %fﬁx Inxdx = % (}sz) 2Inx — 1)‘1 (by parts)

=%@2m3—1)— % (D) =§0On3-4).

The population is
=0

0'10,000¢” 5o
ydx = 20,000 [ ———
//21+05x /01+0.5xy_

= 20,000 (1 —e72) - 2In (1 4 0.5x)|] = 40,000 (1 — e=2) In3.5 ~ 43,329,

5

1
dx = 20,000 (1 — ™2 — 4
x (1-e )/0 T+05x ¥

-2

Ris 33329 43 329

The average population density inside = 2166 people per square mile.
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50. By symmetry, it suffices to compute the population in the first quadrant. In the first

50,000xy
(x2 +20) (y* + 36)

20
15[ 720 15[ 50,000x (1) 1n (32 + 36
//f(x,y)dA=4/ / . 0000y __ 4, dx=4/ (i) ( ) dx
R o |Jo (x%+20) (»*+36) 0 x2 420 .

15
_ _ X _ _ 1 9 15
= 100,000 (In 436 — In 36) A g % = 100,000 (1436 — In36) (2) In (x +2o)|0

. Therefore, the population in R is given by

quadrant, f (x,y) =

= 50,000 (In 436 — In 36) (In245 — In20) =~ 312,455, or approximately 312,455 people.

51. The average weekly profit is
P = zoons Jioo Jigo (—0.2x2 = 0.25y% — 0.2xy + 100x + 90y — 4000) dx dy

x=200
= at5 oy (—F5%% = 0.255%x = 0,127y + 5052 4 90xy — 4000x )| __dy

s [l (—144,533.33 — 552 — 760y + 380,000 -+ 1800y — 80,000) dy

1

0 120
aby iy (155,466.67 = 55 +1040) dy = gy (155.466.67y — 3° +5205?)|

0

x=1

I
|

00 J100 100

Il

0
7
-4—(1)— (3,109,333.40 — 1,213,333.30 + 2,288,000) ~ 10,460, or $10,460.

52. The average price is
2

2 2
P:%folfg[zoo—lo(x—zl) —15(y—1)2:|dydx=%f01 |:200y—10(x——%) y—5(y—1)3]0dx

; [400—20 (- %)2 —5—5] dx =1 ] [390—20 (- %)1dx =1 |:390x ~2(x- %)3}

= % [390 - ? (%) - —23(3 (—é—)] = 194.17, or approximately $194 per square foot.

1

Il

-

0

53. True. This result follows from the definition.

x : .
54. False. Let £ (x,y) = S =2 a=0,b=3¢c=0andd =1 Then [ [f(x y)ddis

definedon Ry = {(x,) |0 < x < 3,0 <y < 1}, but fRfo(x,y)dA is not defined on
Ry={(x,») 10 <x <1,0 <y < 3}, because f is discontinuous on R, where y = 2.

55. True. [, [ g (x,y)dA gives the volume of the solid bounded above by the surface z = g (x, y) and
Jr J f (x, p)da gives the volume of the solid bounded above by the surface z = f (x, y). Therefore,
Jofg@, 0 dA— [ [ f&x,y)dA = [ [[gx,») = f (x,)] d4 gives the volume of the solid bounded above
by z = g (x,y) and below by z = f (x, ).

JrJ /&, »)d4
JrJ a4

left-hand side is the volume of such a cylinder.

56. True. The average value is V4 = ,andso Vy [, [dd4 = [ [ f(x,y)dA. The quantity on the

Concept Review Questions  page 635

1. xy, ordered pair, real number, f (x, y) 2. independent, dependent, value
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3. z= f(x,y), f,surface 4, f(x,y) =k, level curve, level curves, k

5. constant, x 6. slope, (a,b, f (a,b)),x,b

7. <, (a, b), <, domain 8. domain, f; (a, b) = 0and f} (a, b) = 0, exist,
candidate

9. scatter, minimizing, least-squares, normal 10, g, »)=0,f(x,»)+Ag(x, ), Fry =0,F, =0,
5 =0, extrema

11. volume, solid 12. iterated, f35 fol (2x + y?)dx dy

1.

Sy =

. 2x +3y =1z 9. z=y—x

Review Exercises  page 635

1 1
fl,y= x2?y2’ s0f(0,1)=0,(1,00=0, f(1,1) = 71 =5 and £ (0, 0) does not exist because the

point (0, 0) does not lie in the domain of f.

&2

1+12f(’)

,and f (1, 0) does not

xe¥ 2e
L 1,1 1,2
Trinxy /D= 1+11 =e f(,2)= T+mn2

exist because the point (0, 0) does not lie in the domain of f.

Ch(x,p,2) =xyez+§, soh(1,1,0) = 14+1=2h(~=1,1,1) = —e—1 = —(e+1), and

h(l,=1,1)=—e—~1=—(e+1).

. fu,0)= \/— . The domain of f is the set of all ordered pairs («, v) of real numbers such that ¥ > 0 and u # .
Sy = ysoD~{(xy)Iy7é—-x}

&) =2y +y/T=x50 D={(x,»)|x < 1L,y=0}

cfx,y,2)= /2 The domail? of f is the set of all ordered triples (x, y, z) of real numbers

(1=-x)A=-»)(1-2)
suchthatz > 0,x # 1,y # l,andz #£ 1.

NN <
N YW
Ny g
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10, z = /x2 + 3?2 1. z =eY
=0 1 z=1
z=2
z=3
z=4

&J

\Q 123+

1
12. f(x,y) =x*y° +3x)° + ;—i, 0 fr = 2xp° + 3% + ; and f) = 3x2y? 4 6xy — )%

13.f(x,y)=x«/?+)’x/;a50fx=ﬁ+—2—%andfy:§%/—y+ﬁ'
14 £ 0) = VT =T, 50 fy = } w2 =20)" P (07 =2) = 2 and
' , , o 2v/uv? — 2u
1 o2 =2 Qu) =
fo= g (ot =2 ) Vol —2u
_ 2y _ 0+ -G-n@ _ 3
15, f(x.») = S fi = T = e and
f__(y+2x)(—1)-(x—y)_ —3x
a O+ 2x)? Tt

(2+y)y—xy @) _ P -aty _y0P-¥) _yo-n0+n

Xy
16. g(x,y) = m’ S0 gy =

G4 @) ) )
g = XXV @) 1670 xe-paty)
ToEey)t o) @)

17. h(x,y) = (2xy + 3y2)5, 50 hy = 10y (2xy + 3y2)4 and hy, = 10 (x + 3y) (2xy + 3y2)4.

ey
18. f(x,y) = (xe¥ +1 1/2, S0 = l@xey+ 1)1y = — —_ and
F@y) = G+ D250 fi = fe + 1) T T
y
el )y = T
== (xe’+1 xe¥ = .
=1l ) 2 (xev +1)}/2

19. f(x,y) = (x* +)%) e 50 fr = xeX Y 4 (x% +»%) 2x) Y = oy (x2+y?+1) e and
fy =2y 4 (2% 4 32) @) =2y (24 2+ 1)

4x 16y
20. £ (x,y) = In(1+2x% + 4%, = eyt =514
Sy =In(l+ 22 440,00 fr = rpga b = T gy
2 2 27,3 2
x 2x/y 2x —2x°/y 2x
21, f(x,y)=1In 1+———>,so = = and £, = = - .
&) ( 7 S T+ 028 242 Ty 1+ (27 y(2+5?)
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22, f(x,y) =x>=2x2y + > +x —2y,50 fr = 3x% —4xy + l and f, = —2x2 4 2y — 2. Therefore, fix = 6x — 4y,
Jry = fyx = —4x,and fy = 2.

23. f(x,y) = x* + %% — y*, 50 fr = 4x® + 4xy? and f, = 4x2y — 4>, Therefore, fix = 12x2 + 42,
Sy =8xy = fyr,and £}, = 4x2 — 12y

24, F(r,y) = (222 +32), 50 fi = 3(2x2+32)> (4x) = 12x (2x2 +3y?)° and
£y =3 (222 + 3% (6y) = 18y (242 + 3)2)". Therefore,
fer =12 (262 +3p2)% + 12x (2) (2x% + 3)2) (4x) = 12 (222 + 3p)° [ (22 + 3)2) + 8x?]
= 12 (2x% + 3y%) (10x% + 3y?),
Sy = 12x (2) (2x% + 3y?) (6y) = 144xy (252 +3)%) = fyx, and
Fy = 18 (2x2 +3y%)% + 18y (2) (2x2 + 3y%) (6y) = 18 (2x2 +3y2) [ (2% + 3)2) + 1257]
= 18 (2x2 + 3y?%) (2¢% + 1552).

x (x+y)) = »?
25.g(x,y) = ——, SO g = = and

Y x+y? ' (x+y2)° (x +2)°

gy = T2y Therefore, gux = —2y% (x + yz)_3 = —————————-—-2y2
y = 2" 3 X - 3
(x+5) (x+5?)

A= OE+HNY 26+ W+ -2 2y -y q
BT (x +2)° - (x +»2)* T ey T
2y = (x +y2)2 (—=2x) +2xy (2) (x + ¥*) 2y _ % (x2+3?) (=x = ¥* +4?) _ % By —x)

’ o+’ ) (x+7)’

26. g(x,y) = e 50 ge = 2xe" ™ and g = 2ye*” ¥ Therefore,
g = 2657 4 2x)2 e = 2 (1 + 2x?) s, &y = 4che"2+y2 = gyx, and
gy = 26 £ Qe 22 (14 292)
1

1 1
27. hs,7) = In G) Write £ s, 1) = Ins = Int. Then i, = ~ and by = ==, 50 hss = ==, hy = his = 0, and

h]/ = t—z.

28. f (x,p,2) = Y’z + xy%z + 3xy — 4z, 50 f: (1,1,0) = Bxyz+)%2+3y)| (110 = 3
£y (1,1,0) = (2x3yz + 2xyz + 3x){(1,1’0) =3,and f; (1,1,0) = (x3y? +xy? — 4)](1’1,0) = -2,

29. £ (x,y) = 2x% 4+ y? — 8x — 6y + 4. To find the critical points of f, we solve the system

fi=4x—8=0

{ Sy=2y—-6=0

Sy =0,and £, = 2,50 D(2,3) = fix (2,3) f3» (2,3) — fiy (2, 3)? = 8 > 0. Because fx (2,3) > 0, we see
that f (2, 3) = —13 is a relative minimum value.

obtaining x = 2 and y = 3. Therefore, the sole critical point of f is (2, 3). Next, fix = 4,
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5 9 ' fi=2x4+3y~-10=0 ..
30. f (x,y) =x*+3xy + y° — 10x — 20y + 12. We solve the system obtaining x = 8
Jy=3x+2y-20=0
and y = —2, so0 (8, —2) is the only critical point of f. Next, we compute fx =2, fxy = 3, and fj, = 2, s0
D(8,-2) = fux (8,=2) fy (8,=2) — f2, (8, —2) = (2) (2) — 3* = —5 < 0. Because D < 0, we sec that (8, ~2)
gives rise to a saddle point of f. Because f (8, —2) = —38, the saddle point is (8, —2, —8).

fr=3x*=3y=0

obtaining x2 — y = 0, and
Sr==3x+2y=0

31. f (x,y) = x> — 3xy 4 y%. We solve the system of equations [

50 y = x2. Then —3x + 2x% = 0,x (2x —3) = 0, and so x = O or x = 3. The corresponding values of  are
y=0andy= %, so the critical points are (0, 0) and (%, %) Next, fvx = 6x, fxy = —3,and fy, =2, and so
D (x,y) = 12x — 9 = 3 (4x — 3). Therefore, D (0, 0) = —9, and so (0, 0) is a saddle point and f (0,0) = 0.
D(z, 4) =3(06—-3)=9>0and fix (2 4) > 0, andsof( ) = % 8l +1— :—%%marelativeminimum

value.

32. f(x,y) = x> + y% — 4xy + 17x — 10y + 8. To find the critical points of f, we solve the system
fe=3x2=4y+17=0

[ Jy=2y—4x—-10=0
first equation, gives 3x2 — 8x — 20 4+ 17 = 0,50 3x%> — 8x —3 = (3x + 1) (x — 3) = 0. The solutions are x = —3

and x = 3, so the critical points of f are (—%, —) and (3, 11). Next, we compute fyx = 6x, fyy = —4, and

From the second equation, we have y = 2x + 5 which, when substituted into the

fyy =2,ands0 D (x,9) = fix fyy — f2, = 12x — 16. Because D ( 5 73) = —20 < 0, we see that (—-— %)

gives a saddle point and f (—— %) = 47475; and because D (3, 11) = 20 > 0 and fy; (3, 11) = 18 > 0, we see
that (3, 11) gives a relative minimum value of f, namely f (3, 11) = —35.

3. fx,y) = fx,y) = e+’ To find the critical points of f, we solve the
fo = 4xe® P =0

giving (0, 0) as the only critical point of f. Next,
fy = 2}’82"‘2‘“’2 = Y

system {

Jax =4 (eZXZHZ + 4x2eZX2+y2) =4 (1 +4x2) 2, £, = 8xye W = £, and f,,, = 2 (1 + 2y?) 2V,
s0 D = fx (0,0) £ (0,0) — f2,(0,0) = (4) (2) — 0 = 8 > 0. Because fx (0, 0) > 0, we see that (0, 0) gives a

relative minimum of £, The minimum value of £ is £ (0,0) = = 1.




