INTEGRATION

Antiderivatives and the Rules of Integration

Concept Questions | page 418

1. An antiderivative of a continuous function f on an interval [ is a function F such that F’ (x) = f (x) for every x in
1. For example, an antiderivative of £ (x) = x% on (—o0, co) is the function F (x) = $x3 on (=00, 00).

2. If f/(x) =g (x) forall x in /, then f (x) = g (x) + C for all x in /, where C is an arbitrary constant.

3. The indefinite integral of f is the family of functions F' (x) 4+ C, where F' is an antiderivative of f and C is an
arbitrary constant.

1
4. No, the power rule holds only for n £ —1. Rather, /x‘1 dx = /J—c dx =In|x|+ C,x #0.

‘ ExerCis{esff page 418

1. F(x):%x3+2x2-—x+2,soF’(x):x2+4x—I:f(x).

2. Fx)=xe* +ms0 F (x) =xe* +e* =" (x + 1) = f (x).

—-1/2 -1/2

3R =22-1)" 0 x)y =L@ -1 =2x (22 - 1) = r ).
4. F(x):xlnx—x,soF’(x):x(%)A—Inx——l=lnx=f(x).
5. a.G (x) = %(2}:) =2= f(x) 6. a. G'(x) =4x = f(x),andso G is an

antiderivative of f.
b. Fx)=Gx)+C=2x+C
b. H(x) =G (x)+ C = 2x?+ C, where C is an

c. Cc=0

arbitrary constant,

y
3
2 c. c=0
c=2 C=—2 , \
o c=2
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334 6 INTEGRATION

d
T.a.0'(0) = o (%x3) =x%=f(x) 8. a. G(x)=e,50G (x) =e* = f(x).
X
b. Fx)=Gx)+C= %x3 +C b. F (x) = ¢* + C, where C is an arbitrary
constant,
C. CfO
y _ ¢ y
] c=3 s
4 Cc=-3 6
/7 4
-3/~ —LQ_M 3x —7
-l Cc=0
- o 1 0
_g 2 A
9. [6dx =6x+C. 10. [+2dx =+2x+C.
. [x3dx=Ix* 4 C. 12. [2x3dx =2 (}x%) +C = fxS 4 C.
13 [xtdy=-1x3+C. 14. [3r77dt =3 (—%r—é) +C=-rt4cC.
15. [x*Pdx = 2x°8 - C. 16. [2u/*du =2 (%u7/4) +c=%""1c.
x1/3
17. x5 dx = —4x~ 1 C. 18, [3x~ 2R dx =30 4 |+ C =% +C.
3
2 S _ 1 1 1/ 1(1 _,
19. Fdx:Z/x dx = —x +C=_F+C' 20./$dx=§/x dx=§ —Zx +C
1
=———+C.
12x4 +
3
21 [widi =7 [112dt == (%,3/2) +C 22. /Edt :3/1"1/2dz =612 4 C=6/1+C.

=252y
23. [(3—4x)dx = [3dx—4 [xdx =3x—2x*+C. 24, f(1+u+u2)du:u+%u2+%u3+C.
25 [ (2 4x+x)dr = [*Pdx + [xdx + [xPdx = I3+ 12 - Ix 2 4 C
26. J (032 +0.02 +2)dr = 03 (37) +0.02 (1) +2 + C = 0.1 +-0.012 + 21 + C.
27. [Se"dx =5¢* +C.
28, [(1+eY)dx=x+e" +C.
29, [(I+x+e)dx =x+ x>+ +C.

30. f(2+x+2x2+ex)dx=2x+%x2+%x3+ex+C.
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6.1 ANTIDERIVATIVES AND THE RULES OF INTEGRATION

2 2
. 43— = —1)dx = 4x3 —2x 2 - Ndx =x*+ 2 1 —x+C=x*+Z x4+ C.
x2 x

(653 +3x72 —x)dx = 3x* = 3x71 = Ix? + C.

(242532 — %) dx = %x7/2 + %xS/z - %xz +C.

PP —4m Y dr = 352 + 3582 — 812 4 C.

@2 425 Y dx = 332 4 ax 12 - C

/

(u3 +2u% —u

3u

[P —x)dx =3P+ Ly C.

)du:%f(uz—i-Zu—l)du:%u3+%u2—-%u+C.

S dr =10 =+ L4

SN =dt = [ (22 =3t =2)dt =} - 32 -2 +C.

SJu (=t ut)du= [ (@t =1+ u¥)du=—u"' —u+ P+ C.

1
2

-——(x4—2x2+1)dx=/(x2—2+x“2)dx=%x3——2x—x“l+C:%x3—2x—}(+C.

yE

JOP = 1)dt = [ (PP +PP 1) dr =247+ 2512 - 2532 4 C

3./—————‘is———2—=/(s+1)2 ds:/(s2+2s+1)ds:%s3+s2+s+c.
(s+ D~

x4 3x7 —2e%) dx = 2x32 4+ 31In|x] — 2¢* + C.

./w+ﬂw

/
J
/

1
=e + ——*t1 4 C.
e+e+1 +

1 1 1
(x_z_ 3/}7+7_;)dx=/(x“z—x‘2/3+x“1/2)a’x.=—x"l-—-3x]/3+2x1/2+C
_ 1 1/3
=-1_3xBy2/x+C.
Spxr—x+1 11
Qx——é——x—i——dxz/(x+l———+—2)dx:%x2+x—lnlxl-x“l—!—C.
X X x

2

@1y

X

2

3 3
LV :/ (4738 dr =12 = 372B ¢ C.

x2

—2x1/2 41
dx:/fc——x—;dx:/(x“l—2x"‘3/2+x_2)dx

4 1
=Infx]+4x712 =27+ C=Inlx|+ —= -~ +C.
X

7
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/(x—%—l)z(l—-%)dx:/(x2+2x+1)(1——%)dx=/(xz—{-x—l—%)dx

-x +5 Ix2 —x —Injx| +C.

ff’(x)dx:f(3x+1)dx: %x2+x+C. The condition £ (1) =3 gives f (1) =3 +1+C =3,50C = §
Therefore, f (x) = —x +x+ 2

@) = [f(x)dx = [(3x* —6x)dx = x> — 3x> + C. Using the given initial condition, we have
f(@) =8—12+C = 4,50 C = 8. Therefore, f (x) = x3 —3x2 +8.

F(x) = 3x% 4+ 4x — 1,50 £ (x) = x* + 2x? — x + C. Using the given initial condition, we have
f Q) =8+42@)—2+C=95016—-2+4C =9,0rC = 5. Therefore, f (x) = x> +2x2 —x — 5.

fx = /f’ x)dx = /-— dx = /x‘l/2 dx = 2x'? 4 C. Using the given condition, we obtain
f @) =244 C =4+C =2,50C = =2. Therefore, f (x) = 2./x — 2.
/ 1 1
f(x) = /f’ (x)dx :/ (1 + ——2-) dx = / (1+x72)dx = x — — + C. Using the given initial condition, we
x X
1
have f (1) =1—-14+C =3,50C =3, Therefore,f(x):x—;+3.

£ @)= [ (e —2x)dx = ¥ —x? + C. Using the initial condition, we have f (0) =e’ -0+ C=1+C =2,50
C=1.Thus, f (x) = ¢ —x2+1.

1
f&x)= /x +1 dx = / (1 + —) dx = x + Inlx| + C. Using the initial condition, we have
x X
fO=1+m1+C=14C=1,50C=0.Thus, f (x) =x +In|x]|.

1

@) =14+ —,s50 f(x) =xe* + In|x| + C. Using the initial condition, we have f (1) =1+e+In1+C,
x

andso3 +e=1+¢+ C and C = 2. Therefore, f (x) = xe* +In|x| + 2.

F&)=[fde=[3x"V2dx =1 (2x2)+C=x"2+C,and £ (2) = V24 C = +/2 implies C = 0.
Thus, f (x) = /.
fO=[fW0dt=[(P-2+3)dt =1 ~-243+C. f()=1—14+3+C =2impliesC = —1,s0
f(t)=%t3—t2+3t—%.:
fx)y=e"+x,50f(x)=€"+5 x2+Candf(O)—e +5 L(O)+C=1+C.Thus,3=1+C,andso2=C.
Therefore, f (x) = e* + 3x2 +2.

f(x)-—-/(§+l)dx:’7ln|x|+x+C.f(l):2ln1+1+C:2,sof(x):2ln]x|+x+1.

The net amount on deposit in branch A is given by the area under the graph of f from f = 0 to ¢ == 180, On the
other hand, the net amount on deposit in branch B is given by the area under the graph of g over the same interval.
Branch A has a larger amount on deposit because the rate at which money was deposited into branch A was always
greater than the rate at which money was deposited into branch B over the period in question.
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6.1 ANTIDERIVATIVES AND THE RULES OF INTEGRATION 337

Because f (t) > g (¢) for all ¢ in [0, T], we see that the velocity of car A is always greater than or equal to that of
car B. We conclude accordingly that after 7" seconds, car A will be ahead of car B.

The number in year t is N (1) = [ R(t)dt = [14.3dr = 14.3¢ + C. To determine C, we use the condition
N (0) = 90.1, giving C = 90.1. Therefore, N () = 14.3¢ + 90.1. The estimated number of users in 2015 is
N (4) = 14.3 (4) +90.1 = 147.3, or 147.3 million.

The percentage in year ¢ is P (f) = [ R(t)dt = [0.7dt = 0.7t + C. To determine C, we use the condition
P (0) = 75, giving C = 75. Therefore, P (t) = 0.7t + 75. The percentage of households that owned multiple sets
in 2010 was P (10) = 0.7 (10) + 75 = 82.

Let f be the position function of the maglev. Then f' (tf) = v (r). Therefore,
f@)=[fdt=[o@)dt = [(0.2¢+3)dr = 0.1/ + 31 + C. If we measure the position of the maglev from
the station, then the required function is f (r) = 0.1¢% 4 3¢.

a. R(x)= [R (x)dx = [(—0.009x + 12)dx = —0.0045x2 4 12x 4+ C. But R (0) = C = 0, and so
R (x) = —0.0045x2 + 12x.
b. R (x) = px,and so —0.0045x% + 12x = px. Thus, p = —0.0045x + 12.

P’ (x) = —0.004x + 20, s0 P (x) = —0.002x% + 20x + C . Because C = —16,000, we find that

P (x) = —0.002x% + 20x — 16,000. The company realizes a maximum profit when P’ (x) = 0, that is, when

x = 5000 units. Next, P (5000) = —0.002 (5000)% 4 20 (5000) — 16,000 = 34,000. Thus, the maximum profit of
$34,000 is realized at a production level of 5000 units.

C(x) = [C' (x)dx = [(0.002x + 100) dx = 0.001x? + 100x + &, but C (0) = k = 4000, and so
C (x) = 0.001x2 + 100x + 4000.

a. The amount of wind energy generated in year ¢ is
AW = [r@)dt = [(5018 —3.204)dt = 2.5097% — 3.204¢ + C. To determine C, we use the condition
A (0) = 1.8, giving C = 1.8. Therefore, 4 (f) = 2.509¢> — 3.204¢ + 1.8.

b. The amount of wind energy generated in 2012 was 4 (7) = 2.509 (7)? — 3.204 (7) + 1.8 = 102.313, or
approximately 102.3 terawatt-hours.

¢. The amount generated in 2013 was A (8) = 2.509 (8)% — 3.204 (8) + 1.8 = 136.744, or approximately
136.7 terawatt-hours.

a. £ (0)= [r(()di = [ (0.0058¢ 4 0.159) df = 0.0029¢% 4 0.15% + C. f (0) = 1.6, and 50 0+ 0 + C = 1.6, or
C = 1.6. Therefore, f (1) = 0.0029/% + 0.1591 + 1.6.

b. The national health expenditure in 2015 will be f (13) = 0.0029 (132) +0.159(13) + 1.6 = 4.1571, or
approximately $4.16 trillion.

The total number of acres grown in year # is N (t) = [ R (¢)dt = [ (150t + 14.82) dt = 75¢> + 14.82 + C. Using
the condition N (0) = 27.2, we find N (0) = C = 27.2. Therefore, N (¢) = 75t> + 14.82¢ + 27.2. The number of
acres grown in 2012 is given by N (6) = 75 (6)* + 14.82 (6) 4 27.2 =~ 2816.12, or approximately 2816.1 acres.

The position of the car is s (/) = [ f (1) dt = [2/fdt = [2t'2dt =2 (§r3/2) +C=43"4C.50)=0

implies that s (0) = C = 0,505 (¢) = §t3/2.
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a. h(t)= [H ()dt = [ (=32t +4)dt = —1612 + 4t + C. But h (0) = C = 400, s0 / () = —16¢% + 4¢ + 400.

b. It strikes the ground when % (f) = 0; that is, when —16¢2 + 4¢ + 400 = 0. Using the quadratic formula, we find
—4 + /16 — 4 (—16) (400)
2(—16)
nonnegative, and conclude that ¢ ~ 5.13.

that t =

A 5.13 or —4.88. We disregard the negative root since 7 must be

¢. Its velocity is —32 (5.13) + 4 = 160.16, or approximately 160.16 fi/sec downward.

The rate of change of the population at any time ¢ is P’ () = 4500¢!/%2 + 1000.

Therefore, P () = 3000¢3/2 4+ 1000¢ + C. But P (0) = 30,000, and this implies that

P (1) = 3000¢3/% 4+ 10007 4 30,000. Finally, the projected population 9 years after the construction has begun is
P (9) = 3000 (9)*/2 4+ 1000 (9) + 30,000 = 120,000.

The number of new subscribers at any time is N (¢) = [ (100 + 210/°/4) dr = 100z + 120¢7/4 + C.
The given condition implies that N (0) = 5000. Using this condition, we find C = 5000.
Therefore, N (1) = 100¢ + 120¢7/4 4 5000. The number of subscribers 16 months from now is

N (16) = 100 (16) + 120 (16)7/* + 5000, or 21,960.

v(r) = [o' ()dr = [ —krdr = —3kr? + C. Butv (R) = —3kR* + C = 0, s0 C = $kR?. Therefore,
0 (R) = —1kr? + 1k R? = Lk (R? = 12).

h(ty= [HW (Ddt = [ (=32 4+1921)dt = =13 + 9662 + C = —1* + 9612 + C. h (0) = C = 0 implies
h(t) = =3 + 9612, The altitude 30 seconds after liftoff is # (30) = —30> 4 96 (30)% = 59,400 ft.

a. N(@) = [N ()dt = [ (=312 + 12t +45)dt = —13 + 612 + 45t + C. But N (0) = C = 0, and so
N (t) = —13 + 61> 4 451

b. The number is N (4) = —4% 4 6 (4)> + 45 (4) = 212.

C(x) = [C'(x)dx = [(0.000009x* —0.009x + 8) dx = 0.000003x> — 0.0045x2 + 8x + k.
C(0) = k = 120, and so C (x) = 0.000003x> — 0.0045x2 + 8x -+ 120. Thus,
C (500) = 0.000003 (500)3 — 0.0045 (500)% + 8 (500) + 120 = $3370.

a. f(x) = [rx)dx = [(0.004641x? — 0.3012x + 4.9) dx = 0.001547x> — 0.1506x2 + 4.9x + C.
£ (30) = 0.14 yields 0.001547 (30%) — 0.1506 (30?) + 4.9 (30) + C = 0.14, so C = —53.09. Thus,
£ (x) = 0.001547x> — 0.1506x> + 4.9x — 53.09.

b. The risk of Down syndrome when the maternal age is 40 at delivery is given by
£ (40) = 0.001547 (40%) — 0.1506 (40%) + 4.9 (40) — 53.09 ~ 0.959, or approximately 0.96%. When the
maternal age is 45, the risk is f (45) ~ 3.416, or approximately 3.42%.

a. We have the initial-value problem R’ () = 8+/2¢!/2 — 32¢3 with R (0) = 0. Integrating, we find
32 3
RO)=[ (8«/§t1/2 - 32r3) dt = 18277 _g/* 4 C. R(0) = 0 implies that C = 0, 50 R (¢) = 162 2 g,

32 4
b. R (%) = —l%ﬁ (%) -8 (%) = 2.166, so after % hr, approximately 2.2 inches of rain had fallen.




84,

85.

86.

87.

88,

89.

90.

91.

6.1 ANTIDERIVATIVES AND THE RULES OF INTEGRATION 339

a. The approximate percentage in year ¢ is
POY=[rdi=[ (—0.00025142t2 + 0.021167 + 0.0328) dt = —0.000083807¢34-0.01058¢%4-0.0328¢ +-C.
To find C, we use the condition P (0) = 6.2, obtaining C = 6.2. Therefore,
P (1) = —0.000083807¢> + 0.01058¢% 4+ 0.0328¢ + 6.2.

b. The percentage is P (53) = 25.1807, or approximately 25%.

a. The percentage of people 12 and older using social networking sites or services in year 7 is
P@t)=[R(t)dt = [5.92t7018 4t = 7.0319%% 4 C. To find C, we use the condition P (1) = 7, obtaining
7.031 4+ C = 7, s0 C = —0.031. Therefore, P (r) = 7.031:%842 — 0.031,

b. The percentage in 2013 was P (5) = 7.031 (5)%84 — 0.031 ~ 27.23, or approximately 27.2%.

a. E(f) = [31.863:7061 dr = 81.7t%% 4 C. Using the condition E (0) = 81.7 gives C = 81.7, so
E(t) =817 (%% 4+ 1).
b. U.S. coal exports in 2013 were £ (3) = 81.7 (3% + 1) = 207.1, or approximately 207.1 million short tons.

S (W) = 0.131773W 037, s0 S = [0.131773W 05 g = 0.310054 w9425 4 C. Now
S (70) = 0.310054 (70)°4%° + C = 1.886277 + C = 1.886277, so C = —0.000007 = 0. Thus,
S (75) = 0.310054 (75)%4%° ~ 1.9424.

A@) = [A (dt = [(3.29221% = 036673) di = 1.0974r> —0.09151* + C. Now 4 (0) = C = 0, s0
A (t) = 1.09741% — 0.0915¢4,

a. Let y denote the height of a typical preschool child. Then R (f) = 25.8931e7%%% 4 6.39

and y = [ R () dr = —B8B1-099% | 630/ 1 C = ~26.0756¢ 09 4 6.39¢ + C.
y (;—) — 26.0756¢~ 0990/ 4 639 (%) +C = 60.30. Therefore, C = 79.045, and so
y (1) = —=26.0756e~09%3 4 6.39¢ + 79.045.

b. y (1) = —26.0756e=09%% 4 6.39 + 79.045 = 75.7749, or approximately 75.77 cm.

Denote the constant acceleration by k. Then if s = f (¢) is the position function of the car, we have f (¢) = k, so

S @ =0v(@)= [kdt =kt +C;. Wehavev (0) = 66, and this gives C1 = 66. Therefore, f' (1) = v (¢) = k1 + 66,
andsos= f ()= [ f(Odt= [o@)dt = (kt +66)dt = %kt2 + 66 + C,. Next we use the condition that s = 0
when ¢t = 0 to obtains = () = %kt2 + 66¢. To find the time it takes for the car to go from 66 ft/sec to 88 fi/sec,

we use the expression for v (f) to write 88 = &z + 66, giving t = 2,(2 Finally using the expression for s and the
2
condition that the car covered 440 ft during this period, we have 440 = 1 (%) + 66 (%) =22 4 1452 _ 164

s0 k = 3.85. Therefore, the car was accelerating at the rate of 3.85 ft/sec?.

Denote the constant deceleration by k. Then f” (t) = —k, so f/(t) = v (t) = —kt + C). Next,

the given condition implies that v (0) = 88. This gives C; = 88, s0 /' (t) = —ks + 88. Now
s=f@=[fG)dt=[(—kt+88)dt = —1kt> + 881 + Cp,and f (0) = 0 gives s = f () = —k1? + 881,
Because the car is brought to rest in 9 seconds, we have 0 (9) = -9k + 88 = 0, or k = % =~ 9.78, so the
deceleration is 9.78 ft/sec?, The distance covered is s = f (9) = —1 (%) (81) + 88 (9) = 396, so the stopping
distance is 396 ft.




